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Abstract

This thesis is about several extensions of a general framework and about
the application of these extensions to various problems arising in signal
processing. The general framework is a graphical modeling technique,
more precisely factor graphs, which provides the basis for the development
of message passing algorithms. Such algorithms can be used to solve many
statistical inference problems, most notably, estimation and detection
problems.

Most of the problems addressed in this thesis are in some way linked
to one or several discrete-time state-space models. While state-space
representations of systems are widely used in control theory and somewhat
less in statistics, a factor graph approach to such models seems to be
neglected. Indeed, this thesis shows how the interaction between these
two topics leads to a powerful framework for devising novel algorithms
in a systematic yet uncomplicated manner.

This thesis is partitioned into two parts. The first part focuses on
Gaussian message passing in linear models, and parameter estimation for
such models. The second part is concerned with message-passing based
computation of likelihoods or related quantities. We start with the first
part.

The factor graph representation of a linear model leads to Gaussian
message passing in the case of known model parameters. In a first
extension we consider several variants and enhancements of recursive-
least-squares-type algorithms that incorporate a forgetting factor. An
application to outlier detection in a noisy quasi-periodic signal with
known period is shown.

Infinite impulse response systems are treated in depth with a focus on the
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viii Abstract

real-valued Jordan canonical form. For the autonomous second-order case,
analytic solutions for Gaussian messages across the whole state-space
model are derived and the relation between a forgetting factor and state
noise is shown. Continuous time signals and two interpolation models
are touched upon.

In a further extension, the local factor graph view of three approximate
inference principles (cyclic maximization, expectation maximization, and
local Taylor approximation) is shown. These principles are applied to the
estimation of a state-transition matrix that is given in real-valued Jordan
canonical form. The same principles are used to estimate covariance
matrices of a state-space model. The resulting algorithms are iterative
in nature and the resulting messages are members of the exponential
family. We show an application to the estimation of the time-varying
fundamental frequency of a quasi-periodic signal.

The second part of this thesis starts with exposing connections between
model likelihood and scale factors of sum-product messages in a factor
graph. A main result is the derivation of message passing update rules
for two types of such scale factors that arise in sum-product message
passing. First, different types of general factors and general messages
are considered. Then the setup is narrowed down to linear factors and
Gaussian messages.

Since sum-product message passing is intimately connected with the
computation of likelihoods, likelihood functions, and log-likelihood ratios,
such quantities can be neatly expressed in terms of messages or message
scale factors. The latter need, however, not in all cases be computed,
and this case distinction is made precise.

Next, we consider a factor graph representation of linear state-space
models augmented with an additional factor – the “glue factor” – con-
necting state variables of several models. This leads to the notion of a
family of factor graphs parametrized by the glue factor parameters and
its position on the time axis. A surprising variety of problems such as
array processing and pulse modeling can be treated in this framework.

The glue factor view of likelihood computation by means of sum-product
message passing leads to the novel concept of likelihood filtering. In
essence, this is a message passing algorithm for computing efficiently
likelihood-related quantities for each member in the family under consid-
eration. This procedure can be considered as traditional sum-product
message passing on several graphs, but without neglecting scale factors,
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followed by a likelihood computation. Both offline (block based) and
online algorithms are thus formulated for estimation and detection of
model changes and for locating pulses-like events. Finally, we propose a
hierarchical likelihood filter architecture for general signal analysis.

Keywords: State-space model, factor graph, sum-product message
passing, parameter estimation, detection, recursive least squares, cyclo-
stationary signal, quasi-periodic signal, frequency estimation, expectation
maximization, cyclic maximization, real Jordan canonical form, variance
estimation, parameter selection, hypothesis testing, glue factor, likelihood
filtering, change-point estimation, hierarchical likelihood filtering.





Kurzfassung

Diese Dissertation behandelt mehrere Erweiterungen eines Ansatzes zur
modellbasierten Signalverarbeitung und deren Anwendung in verschiede-
nen Bereichen. Der Ansatz basiert auf Faktorgrafen, einer Technik zur
Modellierung von Funktionen mittels Grafen, welche die Basis für die
Entwicklung von Message-Passing-Algorithmen schaffen. Solche Algorith-
men können unter anderem zur Lösung zahlreicher statistischer Schätz-
und Detektionsprobleme verwendet werden.

Die meisten hier betrachteten Problemstellungen sind mit einem oder
mehreren zeitdiskreten linearen Zustandsraummodellen verknüpft. In der
Regelungstechnik, und teilweise auch in der Statistik, sind Zustandsraum-
Parametrisierungen weit verbreitet. In der Anwendung von Faktorgraf-
techniken auf Zustandsraummodelle scheint aber noch viel unausgeschöpf-
tes Potenzial zu liegen. Diese Dissertation zeigt auf, wie das Verknüpfen
dieser beiden Bereiche zu einem leistungsfähigen Rahmenwerk führt, mit
dessen Hilfe auf einfache aber systematische Weise neuartige Algorithmen
entwickelt werden können.

Die Dissertation ist in zwei Teile unterteilt. Der erste Teil beschäftigt
sich mit gaussschem Message-Passing in linearen Modellen und mit der
Schätzung von Parametern für ebensolche. Der zweite Teil behandelt
Message-Passing-basierte Berechnungsmethoden für Likelihood-bezogene
Grössen.

Faktorgrafen von linearen Zustandsraummodellen führen zu gaussschem
Message-Passing, falls die Modellparameter bekannt sind. In einer ers-
ten Erweiterung werden mehrere Varianten der rekursiven Methode der
kleinsten Quadrate vorgestellt. Als Anwendungsbeispiel dient die Detek-
tion von Ausreissern in einem verrauschten quasi-periodischen Signal mit
bekannter Grundfrequenz.

xi



xii Kurzfassung

Filter mit unendlicher Impulsantwort werden erläutert mit einem Fokus
auf die reellwertige, jordansche Normalform. Für den Fall eines autonomen
Systems zweiter Ordnung werden analytische Lösungen für gausssche
Messages hergeleitet und die Beziehung zwischen einem Forgetting-Faktor
und additivem Zustandsrauschen wird aufgezeigt. Zeitkontinuierliche
Systeme und zwei Interpolationsmodelle werden kurz gestreift.

In einer weiteren Erweiterung wird die lokale Faktorgrafensichtweise
dreier Prinzipien zur Approximation vorgestellt: zyklische Maximierung,
Expectation-Maximization, und lokale Taylorreihenentwicklung. Diese
Prinzipien werden auf die Schätzung der Zustandsübergangsmatrix in
reellwertiger, jordanscher Normalform in einem linearen Zustandsraum-
modell angewendet und zur Schätzung von Kovarianzmatrizen. Die re-
sultierenden Algorithmen sind iterative Message-Passing-Algorithmen,
und die Messages gehören zur Exponentialfamilie. Eine Anwendung auf
die Schätzung der zeitvarianten Grundfrequenz eines quasiperiodischen
Signals wird gezeigt.

In der zweiten Hälfte dieser Dissertation liegt der Schwerpunkt auf Ska-
lierungsfaktoren von Summenprodukt-Messages und deren Verbindung
zu Methoden der Likelihood-Berechnung. Eines der Hauptresultate dieser
Dissertation ist die Herleitung von Message-Passing-Aufdatierungsregeln
für zwei Varianten von solchen Skalierungsfaktoren. Dazu gehört die
Betrachtung allgemeiner Faktoren und Messages sowie linearer Faktoren
und gaussscher Messages.

Dank der Verbindung zwischen Summenprodukt-Messages mit Like-
lihoods, Likelihood-Funktionen und Log-Likelihood-Quotienten können
diese Grössen durch Messages oder Skalierungsfaktoren von Messages
dargestellt werden. Die Berechnung von solchen Skalierungsfaktoren ist
jedoch nicht immer notwendig. Es wird aufgezeigt, in welchen Situationen
man sie nicht benötigt.

Des Weiteren werden Faktorgrafdarstellungen von linearen Zustands-
raummodellen gezeigt, welche durch einen zusätzlichen Faktor – den
“Glue-Faktor” – verbunden sind. Dies führt zum Begriff einer Familie von
Faktorgrafen, welche durch den Glue-Faktor parametrisiert ist, genauer
gesagt durch die Parameter des Glue-Faktors und durch seine Position
auf der Zeitachse. Mit diesem Ansatz lässt sich eine erstaunliche Vielfalt
von Signalen modellieren, z.B. Vektorsignale oder pulsartige Signale.

Likelihood-Berechnungen mittels Summenprodukt-Message-Passing in
einer solchen Familie von Faktorgrafen führen zum neuartigen Konzept



xiii

des Likelihood-Filters. Dabei können auf effiziente Weise von Likelihoods
abhängige Grössen für alle Elemente in dieser Familie berechnet wer-
den. Die so entstandenen Algorithmen können als Summenprodukt-Al-
gorithmen auf mehreren Grafen betrachtet werden, allerdings ohne die
Vernachlässigung von Skalierungsfaktoren und mit anschliessender Likeli-
hood-Berechnung. Sowohl Offline- als auch Onlinealgorithmen werden for-
muliert für die Schätzung und Detektion von abrupten Modelländerungen
und für die Lokalisierung von pulsartigen Signalereignissen. Schliess-
lich wird ein hierarchisches Likelihood-Filter vorgeschlagen, welches für
unterschiedliche Arten der Signalanalyse geeignet scheint.

Stichworte: Zustandsraummodell, Faktorgraf, Summenprodukt-Mes-
sage-Passing, Schätzung, Detektion, rekursive Methode der kleinsten Qua-
drate, Zyklostationäre Signale, quasiperiodische Signale, Frequenzschät-
zung, Expectation-Maximization, zyklische Maximierung, reellwertige
jordansche Normalform, Varianzschätzung, Parameterauswahl, Hypothe-
sentest, Glue-Faktor, Likelihood-Filter, Change-Point-Schätzung, hierar-
chisches Likelihood-Filter
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PMF probability mass function

RLS recursive least squares

SSM state-space model



Chapter 1

Introduction

In simple terms, a signal is “data arranged along a time axis”, and signal
processing is concerned with extracting useful information from this
data. Over the last decades signal processing has become increasingly
important and nowadays finds a vast field of applications. Also, with the
availability of increasingly powerful computers, signal processing systems
and algorithms have become more and more complex. This heightens
the need for structured methodical approaches.

Clearly, every signal processing algorithm makes assumptions about
the structure of the signal to be analyzed. In many approaches, these
assumptions stay hidden or unclear. In statistical signal processing,
however, the signal structure is captured in the form of a probabilistic
model. One of the great successes of probability theory and statistics is
the thorough formulation of estimation and detection problems.

An important class of signal models are state-space models (SSMs). Such
models are by definition structured along a time axis and hence they are
especially well suited for signal processing. A SSM usually assumes an
evolution of a hidden state and a process that connects this state with
the observed signal.

One of the most powerful approaches to SSMs is based on factor graphs,
one of several variants of graphical modeling techniques. Indeed, a whole
toolbox for developing Gaussian message passing algorithms for linear
SSMs has emerged from this interaction [65]. Yet, this alliance still bears
great potential, which until now seems to be unexploited.

In this thesis, the toolbox is extended into several directions. A common
starting point for many algorithms developed in this thesis is Gaussian
message passing in linear models. On one line of attack we consider

1
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situations in which Gaussianity is not preserved, most notably in the
case of unknown model parameters. On this line we strive for iterative
algorithms that solve an approximation of the original problem but still
work in the Gaussian domain, or at least in the domain of the exponential
family.

On another line we study scale factors of sum-product messages. A
message in a factor graph is a non-negative function which can be repre-
sented by its shape and a pre-factor – the scale factor. We ask ourselves
the question what happens to such scale factors as we do sum-product
message passing. In particular, scale factors are intimately linked to
likelihoods, likelihood functions, and log-likelihood ratios (LLRs), which
in turn are important quantities for estimation and detection problems.

Furthermore, the factor graph view allows us to formulate the powerful
concept of a glue factor that expresses some addition (initial, final, or
otherwise “local”) condition in one or several SSMs. This concept is
used to formulate a generic algorithmic framework for the computation
of likelihood-related quantities via sum-product message passing for a
whole family of models at once.

The factor graph toolbox, now augmented by our extensions, can be
used in a whole variety of statistical inference problems, most notably
estimation and detection problems. In particular, we have the opportunity
of deriving efficient algorithms for problems that, without the toolbox,
seem to be very complicated if not intractable.

1.1 Background

The use of graphical models in topics of statistical modeling has by now
a considerable history. First and foremost, factor graphs have emerged
in coding theory. The essential ideas of the sum-product algorithm as
applied to low-density parity-check codes date back to the 1960s [37]. It
was however not until the 1980s that first interpretations of this algorithm
in the form of Tanner graphs were considered [101], and only in the 1990s
with the advent of turbo codes [6], these styles of iterative decoding
became mainstream. Soon it became evident that a generalization of
Tanner graphs encompasses many algorithms previously known under
different names [114], such as the Viterbi algorithm [34] and the BCJR
algorithm [4].
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In machine learning, Bayesian networks and Markov random fields have
a long tradition (cf. references in [8, 57]). The latter originally have
emerged in statistical physics [98]. Also, the signal processing community
has achieved many basic results in the domain of hidden Markov mod-
els, most notably the forward-backward algorithm and its expectation
maximization (EM) interpretation [27]. In quantum mechanics, graphical
notations have appeared in the form of Feynman diagrams and later
as trace diagrams (or tensor diagrams) [83]. In control theory, Kalman
filtering and recursive least squares (RLS)-type algorithms have been
developed without any graphical interpretation [51,94].

In this thesis we use a style of factor graphs due to Forney [35], which
subsumes all the graphical models mentioned above as special cases. For-
ney graphs have been used to paint a unified picture of many algorithms
as instances of message passing algorithms [60,63,66]. Most notably, this
thesis stands on the foundations of Gaussian factor graphs as reviewed
in [65].

Recently, algorithms that are not of a sum-product type or a max-product
type have been described from a graphical modeling perspective, most
notably EM-type algorithms [19, 26], algorithms based on variational
approximations [25, 49], generalized belief propagation [116], and ex-
pectation propagation [75]. For this thesis, the motivation to use such
approaches is the possibility of formulating algorithms that solve approx-
imations to difficult statistical problems without leaving the domain of
messages that belong to the exponential family.

Graphical models have been used in ways that differ largely from the
Gaussian setting assumed for many parts of this thesis. Most notably,
sampling based methods [102] and particle methods [21,22] have shown a
great potential. In this thesis these methods are not considered further.

In the field of classical signal processing, short-time transforms and various
time-frequency representations are common [74]. More generally, wavelets
have been applied in many signal processing areas [69]. Traditionally,
these short-time representations are block-based methods or they have
filter-bank like structures. In this thesis we will consider a general
(nonlinear) filtering view that does away with block-based processing.
Also, we will be particularly interested in a short-time Fourier transform
of exponentially weighted signals that goes back to [103].

Statistical signal processing stands on the traditional foundation of es-
timation theory and detection theory [53, 54, 84, 107]. While SSMs do
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feature in this field [31, 50, 93], the application of graphical models seems
to be underused. In this thesis we try to contribute towards mending
this deficit, at least for linear Gaussian models.

1.2 Motivation

There are several ways in which we would like to motivate this thesis.
First and foremost we believe that the unifying view of a factor graph
approach bears great potential for gaining insight, identifying fundamen-
tal mathematical structures, devising meaningful approximations, and
designing fast algorithm implementations for a whole range of problems.

This is the main motivation to engage in the question: What happens to
scale factors of the messages in sum-product message passing? As we will
see, this question is intimately interlinked with likelihood computation.

The exponential family of probability density functions (PDFs), and most
notably the Gaussian distribution, has many special properties [55, 111].
This is our main motivation to propose approximations to settings that
would otherwise lead to more complicated messages in factor graphs.
All the approximations used in this thesis result in messages that are
members of the exponential family. For many practical applications these
approximations are sufficiently accurate.

While SSMs are in general quite common in signal processing, the po-
tential of the factor graph view remains largely unexploited. We believe
that state-space related algorithms are cleaner and more appealing when
viewed from a graphical modeling point of view. Furthermore, as we will
see, this view allows us to formulate approximations and extensions that
otherwise are not easily conceived.

In this thesis we focus on infinite impulse response (IIR) systems as
opposed to finite impulse response (FIR) systems. We believe that
many signals can be modeled more effectively using IIR systems for two
reasons. First, IIR systems can have a continuous-time equivalent and
thus facilitate the modeling of (potentially non-uniformg) samples of
continuous-time phenomena. Second, in IIR systems, the time scale
of signal features does not depend strongly on the system order, i.e.,
low-frequency features can be modeled with low system order as opposed
to FIR systems, for which the order may increase dramatically.

Last but not least, we highlight that forward-processing algorithms can
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have several advantages over block-based computation. Not only is the
coupling across time inherently exploited, but also one can envisage
implementations of these algorithms with analog electronics. In this
thesis we formulate online (forward-only as well as smoothing) algorithms
along with block-based algorithms.

1.3 Contributions

In this section we summarize the points in which this thesis provides new
insights, models, and algorithms. In the domain of linear SSMs these are
the following:

• We provide an RLS model, in which a regularization factor has
been distributed over all time steps, and we show how to choose
the parameters in order to obtain the same regularization effect
as in the non-distributed case. While for classical RLS (forward
message passing only) the resulting algorithm is known [44], the
forward-backward algorithm formulated in this thesis is novel.

• An application of Fourier series in a model for slowly time-varying
periodic signals with known fundamental frequency is presented.
This model is used in an RLS-type algorithm for de-noising and
detecting outliers. In a non-uniform sampling scenario, this ap-
proach overcomes the deficiencies of a cyclic autoregressive moving
average (ARMA) model.

• The exact connections between models that incorporate a forgetting
factor [64] and autonomous models (models without state noise)
are shown. The steady state for these systems is characterized and
derived. While this connection apparently has not been discovered
before, steady-state solutions of such systems have been known for
a long time [50].

• In the case of a second-order autonomous system with a complex
pole pair, the Gaussian messages through the whole SSM are derived
in analytic form. Evident connections with Fourier transforms are
pointed out.

• We show an equivalence between spline signal processing and a
continuous-time system with noisy discrete-time observations. (Cf.
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[10–12] for a factor-graph representation of such systems.) In this
case, the equivalent system happens to be a noisy variant of a
continuous-time SSM for polynomials. We make an equivalent
formulation for a continuous-time SSM for sinusoids.

• We show a way to split a high-dimensional SSM into smaller second-
order SSMs. A general approach is derived for transiting from a
completely decoupled treatment of these subsystems to a completely
coupled treatment in an iterative algorithm.

We contribute the following to the topic of parameter estimation in linear
SSMs:

• In this thesis, IIR systems are parametrized in the real Jordan canon-
ical state-space form [45]. We apply cyclic maximization (CM),
EM, and linear approximation to the problem of estimating the
systems state-transition matrix in Jordan canonical form. A com-
plete derivation is given and the results are presented in Gaussian
message passing form. Interesting connections between the three
approaches mentioned show up in these results. We use these find-
ings to estimate quasi-periodic signals with unknown (time-varying)
fundamental frequency.

• We review the application of EM and local Taylor approximation
to the problem of variance (and covariance matrix) estimation in a
factor graph setting.

In Part II of this thesis we make the following contributions to the topics
of message scale factors and likelihood-related computation:

• We propose to define two types of scale factors for general real-
valued sum-product messages based on the normalization factor
for scaled PDFs and on the characteristic function of a random
variable. While both notions on their own have been extensively
studied [81], this seems to be the first joint treatment in a factor
graph setting.

• For the proposed scale factors of sum-product messages, update
rules are derived for propagating scale factors through the following
factor graph nodes:
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– General node in the form of a conditional PDF for general
real-valued messages.

– Linear constraint nodes for general real-valued messages.

– Linear constraint nodes for Gaussian messages.

– Linear constraint composite blocks for Gaussian messages.

• We formulate the resulting connection between scale factors of
sum-product messages and the likelihood of a given observation for
a statistical model. While this in itself is not new [33], the specific
scale factor viewpoint at hand seems to be unknown. We review
some maximum likelihood (ML) estimation problems and detection
problems from this viewpoint.

• We highlight a connection between a Bayesian approach and a
detection-based approach to estimating input noise variance or
the regularization parameter in any linear SSM that incorporates
distributed regularization. While the basic connection is certainly
not novel [7], the application to SSMs is.

• The notion of a glue factor has been proposed in [64] and some
applications have been studied in [28,29] in the setting of forward-
only processing. In this thesis we elaborate more in-depth on
this concept. We show how the removal of a prior bias on the
glue factor position can be achieved by re-normalization or by re-
parameterization of the glue factor. Furthermore, a framework for
learning glue factor parameters is proposed.

• The glue factor approach is used to obtain LLRs for array processing
[70–72, 88] in a more elegant way than with traditional methods.
As a second application, we show how to construct a glue factor
based model for sinusoidal pulses decaying both towards the past
and the future.

• We define a general likelihood filtering algorithm and formulate
a multitude of general ML estimation and detection tasks from
this angle. The findings are used to formulate algorithms that find
sparse model changes, both for block-based and online processing.

• Finally, we propose a hierarchical likelihood filtering system that
bears some similarity with recurrent neural network, but can be un-
derstood as a generalization of the previously formulated likelihood
filter.
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1.4 Outline

This thesis is divided into three main parts:

• Part I concerns RLS-type problems, linear SSM related topics, and
parameter estimation of such models.

• Part II exposes fundamental connections between likelihood and
scale factors of sum-product messages in factor graphs. In the
domain of SSMs, the related notions of a glue factor, likelihood
filtering are treated.

• The third part contains some of the proofs for Parts I and II and a
sketch of the linear-algebra interpretation of factor graphs.

A more detailed outline of Parts I and II is given below. Notational
conventions and preliminaries are supplied after this outline.

Part I – Linear State-Space Models

This Part starts with Chapter 2 by reviewing least squares problems from
a Gaussian factor graph perspective. We give the connection to statistical
models and ML estimation, and present some examples. Classical RLS
algorithms are extended to incorporate two-sided regularization and
an equivalent formulation using distributed regularization is derived.
Potentially, RLS finds application in a plethora of areas. We showcase an
example application to detecting outliers in a periodic signal of unknown
and slowly time-varying shape but with known fundamental frequency.

In Chapter 3, discrete-time linear SSMs with Gaussian input and Gaussian
additive observation noise are brought into picture. The main focus lies
on IIR models in real Jordan canonical form, autonomous models, and
models with a forgetting factor. For such systems, the filtering view of
forward Gaussian message passing and the steady state are studied. We
discuss second-order systems and the connection to Fourier transforms.
Next we elaborate on continuous-time systems with discrete-time noisy
observations, for which we treat the case of noisy polynomials and noisy
sinusoids. Finally, the notion of state-space splitting is touched upon.

Chapter 4 contains topics in parameter estimation for linear Gaussian
SSMs. Among the many possible general principles, three are picked out:
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CM, EM, and local Taylor approximation. The local factor graph view
of these principles is presented. They are applied to the estimation of the
system poles in real Jordan canonical form. One advantage of this form
is, that it closely relates to a model for quasi-periodic signals with slowly
time-varying shape and fundamental frequency. We show an example
application to estimation of this time-varying fundamental frequency.
Finally, EM and Taylor approximation are applied to the estimation of
variances and covariance matrices.

Part I of this thesis is concluded in Chapter 5.

Part II – Glue Factors and Likelihoods

We start our view on the connection between likelihood computation
and sum-product message passing in Chapter 6. In this chapter, the
fundamentals are laid out for computing scale factors of sum-product
messages in factor graphs. Our local view of this computation is presented
by introducing two types of such scale factors, for which we tabulate
update rules for certain factors. We start with update rules that are valid
for general factors and general real-valued messages and continue with
linear factors and Gaussian messages.

In the same chapter, we describe the connection between sum-product
message scale factors and the notion of likelihood in a statistical model
by introducing a general computation method. We give a view on how
to approximate this method locally in a factor graph, and we exemplify
situations in which scale-factor computation is not needed. This chapter
ends with drawing a connection between a Bayesian view and a detection-
based view on model selection in a SSM setting.

In Chapter 7 we delve into the notion of a glue factor, a factor in the factor
graph that connects two (or more) SSMs. We give a formal definition
of the induced model family, which is parameterized by the position
of the glue factor on the time axis and by the glue factor parameters.
Based on this model family we explain our notion of likelihood filtering, a
message-passing view of the computation of likelihood-related quantities.

First, we elaborate on parameter estimation for fixed glue factor positions
and treat in depth an application to array processing. As a further
example, we present a way of modeling pulses by two-sided exponentially
decaying sinusoids. Second, the estimation of the glue factor position on
the time axis is studied, and applications to estimating model-change
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positions and pulse-like events are given. In the last part of this chapter,
the above is extended to a detection scenario, in which the presence of a
glue factor is treated in a statistical decision setting. An extension to
detecting the presence of several glue factors and online estimation is
outlined.

Chapter 8 gives a first sketch on a proposed extension of likelihood
filtering. In this extension, a population of second-order linear SSMs
is used in conjunction with a population of glue factors all of which
potentially have access to all the model states. For each glue factor, a
posterior probability is computed in an forward-only fashion. Reusing
these posterior probabilities as observations in the SSMs makes this
system hierarchical.

In Chapter 9 we conclude Part II of this thesis and provide an outlook.

Finally, in the last appendix, we present the seemingly unrelated, but
all the more beautiful, topic of representing linear-algebra expressions
by means of factor graphs. Indeed, we use this framework to derive
expressions which are used in the proofs.

1.5 Preliminaries and Notation

1.5.1 Notation

We write matrices in boldface (X, Λ) and vectors in italic boldface (x, λ).
We loosely stick to the rule of using uppercase for matrices and random
variables.

For ease of notation, we define that all integrals lacking lower and upper
limits are assumed to go over the whole range of the variables. For
example for some vector x ∈ R

n and some function f(x) : Rn → R, by


f(x) dx

we mean
 ∞

−∞
· · ·
 ∞

−∞
f(x) dx1 · · · dxn .

In case we are dealing with indefinite integrals, it will be clear from the
context or it will be indicated explicitly in the text.
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We use the symbol p to denote a both PDF or a probability mass
function (PMF). We use the symbol f for global functions and local
factors in factor graphs.

1.5.2 Factor Graph Notation

We use Forney factor graphs in the style of [65] with several added
notational conventions and extensions.

• Dots in a factor graph represent parts not shown explicitly, either
because they are irrelevant for the discussion or because they are
evident continuations of the graph.

• We say that a local factor f represents a (conditional) PDF p if f
is proportional to p with a finite constant of proportionality.

•
X

−→µX ←−µX

We always draw edges with arrows although factor
graphs are undirected graphs by definition. The sole
reason for doing this is for notational ease. The direc-
tion of an edge (e.g. X) allows us to write the forward
message (in the same direction as the edge) as −→µX and
the backward message (in the opposite direction) as
←−µX .

• p(y |x)
YX

a

w = av

WV

Often, we choose the direction of an edge
according to the following convention. If a
factor represents a conditional PDF (or a
conditional PMF), then the edges of all con-
ditioning variables point towards the factor.
All remaining edges point away from the
factor. In other words, we choose the direction in the same way as
in Bayesian networks, if we can. Moreover, linear constraint nodes
such as addition nodes and multiplication nodes are not defined
unless the node ports (the points at which edges can attach) are
designated properly.

The above convention cannot be followed strictly. Specifically,
we will violate it in at least two places: equality nodes in glue
factors and equality nodes in the representation of linear algebra
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expressions. For the latter, we generally believe that directed edges
are actually not appropriate. Instead, one might envisage a different
way of labeling the node ports.

• Y = ỹXFor better readability we draw small filled
boxes for edges that are fixed to a specific
value. In the example shown, Y is fixed at Y = ỹ while X is not.

• f2
Z

f1
YX

Dashed boxes are assumed to be “closed”
using the sum-product (or the max-product)
rule, i.e., all internal variables are integrated
(maximized) over. The example factor graph shown thus represents
the function


f1(x, y) f2(y, z) dy.

•
fk

XkXk−1

We often have to deal with factor graphs that
consist of multiple identical, or analogous
time slices. For the sake of definiteness we
draw densely dotted and rounded braces to indicate such slices.
In this context, the triple dots (ellipses) represent repetitions of
the shown slice. In fact, this is a variant of the so-called “plate
notation” [57].

• We define the action of a forgetting factor γ ∈ [0, 1] in the same
way as in [64]. Consider the factorization

f(x) = f1(x) f2(x) ,

where each factor might be a marginal of a more detailed graph.
Based on this graph we draw the graph for the factorization

f(x) = f1(x)
γ f2(x)

f2
γf1

X
as shown on the right. In other words we use

the symbols
γ
and

γ
to indicate that every

factor behind the bracket (i.e. to the left and
to the right of the bracket respectively) is taken to the power of γ.
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fℓ−1
γ

Xℓ−1

fℓ
γ

Xℓ

fℓ+1
Xℓ+1

Figure 1.1: Example factor graph.

Xk

Uk

Yk

Xk−1

Figure 1.2: Factor graph representations of a general state-space model
(SSM) (1.3).

We illustrate some of the introduced notation in the following example.
Let Xk for k ∈ Z be the state of a SSM and let the PDF of this model
factor as

p(. . . , x−1, x0, x1, . . .) ∝


k∈Z

fk(xk−1, xk) . (1.1)

Starting from this model we define for some ℓ ∈ Z a new model

pℓ(. . . , x−1, x0, x1, . . .) ∝


k∈Z

fk(xk−1, xk)
(γ|k−ℓ|) . (1.2)

With the use of the conventions mentioned, we can draw the factor graph
of (1.2) as shown in Figure 1.1.

1.5.3 State-Space Models

We define a discrete-time SSM with state xk, input uk, and output yk

by the following equations:

xk = fAk
(xk−1) + fBk

(uk)

yk = fCk
(xk) .

(1.3)

The model is time-invariant if fAk
= fA, fBk

= fB, and fCk
= fC for

all k ∈ Z. A SSM is linear if there exist Ak, Bk, and Ck such that we
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can write

xk = Ak xk−1 +Bk uk ,

yk = Ck xk .
(1.4)

Often, we will deal with Gaussian statistical models

Xk = Ak Xk−1 +Bk Uk

Yk = Ck Xk +Zk ,
(1.5)

where Uk ∼ N (mUk
,VUk

), and Zk ∼ N (0 ,VZk
). Such a SSM is linear

time-invariant (LTI) if Ak = A, Bk = B, Ck = C, VUk
= VU , and

VZk
= VZ for all k ∈ Z. We call the SSM autonomous if the input is

absent (Bk = 0 for all k ∈ Z). The factor graph representation of a
general SSM is depicted in Figure 1.2.
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Linear State-Space
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“Euer Leben bildet nur menschlich, so habt ihr genug getan:
aber die Höhe der Kunst und die Tiefe der Wissenschaft
werdet ihr nie erreichen ohne ein Göttliches.”

“Form your life humanly, and you have done enough: but
you will never reach the height of art and the depth of
science without something divine.”

Friedrich von Schlegel (1772–1829)



Chapter 2

Regularized Recursive
Least Squares

2.1 Introduction

In this chapter we lay out our view of some classical least-squares problems
and extensions thereof. The aim is not to give an exhaustive overview of
this vast topic, but to introduce notions that will be used later and to
highlight examples of interest on the way.

We start by making some general comments on the connection between
cost functions and statistical models, and we expose the factor graph
view on recursive least squares (RLS). Next, the topic of regularization,
both in a centralized and a distributed manner, is treated. This chapter
is ended with an application of the presented methods in which a slowly
changing periodic signal with known fundamental frequency is modeled.
An implementation of this algorithm is used to estimate rain rates from
microwave link gain measurements.

2.2 Cost Functions and Statistical Models

We define a cost function to be a mapping

κ(x,y,θ) : RnX×nY ×nθ → R≥0 , (2.1)

where x ∈ R
nX is a variable vector, y ∈ R

nY is a vector of observable
values, and θ ∈ R

nθ is a parameter vector. Many optimization problems

17
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treated in this chapter have the form

x̂ = argmin
x∈RnX

κ(x, ỹ,θ) , (2.2)

for some cost function κ, fixed observed values y = ỹ, and chosen
parameter (vector) θ. Often, ỹ and θ will be omitted in the notation.

One way to formulate a corresponding statistical model is by defining
the exponentiated cost function

f(x,y,θ′) , e−κ(x,y,θ)/(2σ2
Z) (2.3)

where θ′ , (θ, σZ) is an augmented parameter vector and σZ > 0 can be
chosen arbitrarily. We additionally assume that either

ζθ ,


f(x,y,θ) dx dy (2.4)

or

ζθ,
x ,


f(x,y,θ) dy (2.5)

is positive and constant. Notationally, we use the construct ζθ,x to
indicate that this value is a constant although no integration over θ and
X has been done. We can formulate two corresponding statistical models
as either

p(x,y |θ) = f(x,y,θ)/ζθ (2.6)

or

p(y |x,θ) = f(x,y,θ)/ζθ,
x

(2.7)

respectively. In this chapter, all cost functions will be integrable, in
the sense of (2.4) or (2.5). With these statistical models, the optimiza-
tion (2.2) can equivalently be formulated as a maximum a posteriori
(MAP) estimation problem

x̂MAP = argmax
x

p(x, ỹ |θ) , (2.8)

or as an ML problem

x̂ML = argmax
x

p(ỹ |x,θ) . (2.9)
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In addition, for each of these two models, an ML estimate of θ can be
formulated as

θ̂ML = argmax
θ


p(x, ỹ |θ) dx (2.10)

or

θ̂ML = argmax
θ

max
x

p(ỹ |x,θ) (2.11)

= argmin
θ

min
x
κ(x, ỹ,θ) (2.12)

respectively.

2.3 Least Squares and Maximum Likelihood
Estimation

For the classical least squares problem, the cost function is

κ(x) , (y −Cx)
T
(y −Cx) =

K

k=1

(yk − ckx)
2
, (2.13)

where the given data consists of a vector

y ,

y1, . . . , yK

T ∈ R
K (2.14)

and a matrix

C ,

cT1 , . . . , c

T
K

T ∈ R
n×K (2.15)

containing row vectors ck.

The equivalent statistical model can be derived from (2.3) and (2.7) as

p(y |x) =
K

k=1

N

yk
ckx, σ2

Z


∝

K

k=1

e−(yk−ckx)
2/(2σ2

Z) . (2.16)

Given fixed observations Y = ỹ, the factorization (2.16) can be repre-
sented by the factor graph shown in Figure 2.1a by introducing additional
random variables. ML estimation of X is done by forward message
passing in this factor graph [65].
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=
Xk

ck

N

ỹk, σ

2
Z



(a) Scalar observations

=
Xk

Ck

N

ỹk,W

−1
Z



(b) Vector observations

Figure 2.1: Factor graph representations of least squares (2.16).

More generally, the cost function for vector observations

y ,

yT
1 , . . . ,y

T
K

T ∈ R
K nY (2.17)

and some positive definite matrix WZ ∈ S
nY

≻0 is

κ(x) =

K

k=1

(yk −Ck x)
T
WZ(yk −Ck x) , (2.18)

where

C ,

CT

1 , . . . ,C
T
K

T ∈ R
nX×KnY . (2.19)

The equivalent statistical model then is

p(y |x) =
K

k=1

N

yk

Ck x,W
−1
Z


(2.20)

∝
K

k=1

e−(yk−Ck x)TWZ(yk−Ck x)/2 (2.21)

and the corresponding factor graph for given observations Y = ỹ is
depicted in Figure 2.1b. All models in this chapter can be generalized
to vector observations in this way. We refrain from doing so for ease of
exposition.
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Example 2.1: ARMA Filter Identification [58]
An autoregressive moving average (ARMA) process Y1, Y2, . . . is defined
by

Yk = a0 +

L

ℓ=1

aℓYk−ℓ +

M

m=0

bmuk−m + Zk , (2.22)

where uk is a known input signal, Zk
iid∼ N (0, σ2

Z) is additive white
Gaussian noise, and Y−L, . . . , Y0 are distributed such that the process is
stationary. Given observations Yk = ỹk for k = 1, . . . ,K we want to make

ML estimates x̂T
ML ,


âT, b̂T


of the filter coefficients aT ,


a0, . . . , aL

T
,

and bT ,

b0, . . . , bM

T
. This can be done with forward message passing

in the graph of Figure 2.1a by defining

ck ,

1, ỹk−1, . . . , ỹk−L, uk, . . . , uk−M


. (2.23)

The final estimate is x̂ = −→mXK
, i.e., the mean of the forward message on

the last edge XK . ♦

Example 2.2: Periodic ARMA Filter Identification
Example 2.1 can be adapted to account for periodically time-varying coef-
ficients aℓ and bm. Specifically, an N -periodic ARMA process Y1, Y2, . . .
is defined as

Yk = a0,n +

L

ℓ=1

aℓ,nYk−ℓ +

M

m=0

bm,nuk−m + Zk , (2.24)

where uk is the known input, Zk
iid∼ N (0, σ2

Z), and n , k mod N is
the remainder of the division k/N . Given observations Yk = ỹk, we
want to make ML estimates x̂T

ML ,

âT
0 , b̂

T
0 , . . . , â

T
N−1, b̂

T
N−1


of the

periodically time-varying filter coefficients aT
n ,


a0,n, . . . , aL,n


and

bTn ,

b0,n, . . . , bM,n


for n = 0, . . . , N − 1. Again, this can be done by

forward message passing in the graph of Figure 2.1a by defining

ck ,

0 k mod N , 1, ỹk−1, . . . , ỹk−L, uk, . . . , uk−M , 0, . . . , 0


, (2.25)

where 0 k mod N is a zero row vector of length k mod N and the trailing
zeros are used to make the vector ck have a length of N(L+M). The
disadvantage of this model is that the number of parameters grows linearly
with the length of the period N . ♦
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Example 2.3: Sinusoidal Parameter Estimation
A discrete-time noisy sinusoid can be written as

Yk = Re

ξ eikΩ


+ Zk , (2.26)

where Ω is the discrete-time frequency, ξ , α eiφ ∈ C is a complex

coefficient, α is the amplitude, φ is the phase, and Zk
iid∼ N (0, σ2

Z) is the
noise. We consider estimation of α and φ given the frequency Ω and
observations Yk = ỹk. We can write (2.26) as

Yk = ck x+ Zk , (2.27)

where

ck ,

cos(kΩ),− sin(kΩ)


, and x ,


Re ξ

Im ξ


= α


cosφ

sinφ


. (2.28)

The ML estimate x̂ML can be found using forward message passing in
the factor graph in Figure 2.1a with the definitions (2.28). Note that the
mapping (α, φ) →→ x is one-to-one and hence ML estimation of (α, φ) is
equivalent to ML estimation of x followed by inverting the mapping. ♦

Example 2.4: Periodic Signal Estimation
This is a straightforward generalization of Example 2.3. Using a Fourier
series, a discrete-time noisy periodic signal can be written as

Yk = Re

M

m=1

ξm eimkΩ + Zk , (2.29)

where Ω is the discrete-time fundamental frequency, ξm ∈ C are the

coefficients, and Zk
iid∼ N (0, σ2

Z) is the noise. We consider estimation of
ξm given the fundamental frequency Ω and observations Yk = ỹk. We
can write (2.29) as

Yk = ck x+ Zk , (2.30)

where

ck ,

cos(kΩ),− sin(kΩ), . . . , cos(MkΩ),− sin(MkΩ)


, (2.31)

x ,

Re ξ1, Im ξ1, . . . ,Re ξM , Im ξM

T
. (2.32)

The ML estimate x̂ML can be found using forward message passing in
the factor graph of Figure 2.1a with the definitions (2.31) and (2.32). ♦
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Figure 2.2: Factor graph representations of two-sided recursive least
squares (RLS) (2.34).

2.4 Recursive Least Squares

The traditional RLS algorithm is equivalent to forward message passing
in the graph of Figure 2.1 with the additional application of a forgetting
factor [65]. Here, this traditional view is generalized by incorporating a
forgetting factor for both forward and backward messages.

More specifically we define K cost functions for two-sided RLS as

κℓ(x) , (y −Cx)
T
Wℓ(y −Cx) =

K

k=1

γ|k−ℓ| (yk − ckx)
2
, (2.33)

for ℓ = 1, . . . ,K, where γ is the forgetting factor, Wℓ , diag

w(ℓ)


, and

w
(ℓ)
k , γ|k−ℓ|. We assume that 0 ≤ γ ≤ 1, γ ≈ 1. The ℓ-th equivalent

statistical model can be derived from (2.3) and (2.7) as

p(y |x) ∝
K

k=1

e−γ|k−ℓ|(yk−ckx)2/(2σ2
Z) (2.34)

In this model we clearly see, how the effective variance is increased from
σ2
Z to γ−|k−ℓ|σ2

Z with increasing distance |k−ℓ|. For ℓ = K the statistical
model for traditional RLS is recovered. For γ = 1 all models coincide and
are identical with the least squares model (2.16). The factorization (2.34)
can be represented by the factor graph in Figure 2.2 in which we use our
notation for the forgetting factor (cf. Section 1.5.2).
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Example 2.5: Linear Transfer-Function Estimation by Sinu-
soidal Excitation
Example 2.3 is extended to the estimation of time-varying sinusoidal
parameters. Assume that a linear time-invariant (LTI) system with
transfer-function H


eiΩ

is excited with a swept sinusoid

uk = Re

eikΩk


, (2.35)

where the frequency Ωk changes, e.g., linearly or logarithmically with k.
We measure the output of this system under additive white Gaussian
noise. At each frequency, the system will induce an amplification and a
phase shift such that the measured signal can be written as

Yk = Re

ξk e

ikΩk

+ Zk , (2.36)

where Zk
iid∼ N (0, σ2

Z) is the noise and ξk , αk e
iφk is the linear distortion

induced by the system. If we assume that Ωk ≈ Ωk−1 then, for systems
of low enough order, we also can assume

ξk ≈ ξk−1 , (2.37)

and we can write our signal model as

Yk = ck xk + Zk , (2.38)

xk ≈ xk−1 , (2.39)

where

ck ,

cos
k

j=1 Ωj , sin
k

j=1 Ωj


, (2.40)

xk ,


Re ξk

Im ξk


= αk


cosφk

sinφk


. (2.41)

The coefficients ξk can be estimated by forward and backward message
passing in the RLS graph of Figure 2.2 in which the forgetting factor γ
models the approximate equality of (2.39). Finally we can formulate an
estimate of the system transfer-function at frequencies Ωk as

Ĥ(eiΩk) = [x̂k]1 + i[x̂k]2 . ♦
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Example 2.6: Slowly Changing Periodic Signal
Recall the estimation of a periodic signal in Example 2.4. We generalize
the signal model by allowing the coefficients to change slowly over time.
Our signal model now is

Yk = Re
M

m=1

ξ
(m)
k eimkΩ + Zk (2.42)

ξ
(m)
k ≈ ξ

(m)
k−1 , m = 1, . . . ,M . (2.43)

We implement the approximate equality using a forgetting factor γ in
the factor graph of the corresponding RLS formulation (2.30). ♦

Example 2.7: Estimation of a Weakly Nonlinear Transfer-Func-
tion
We extend Example 2.5 to estimating a weekly nonlinear system by
sinusoidal excitation. For a sinusoidal input, a nonlinear system produces
an output that contains harmonics, each with its own amplitude and
phase shift. We excite the system by a slowly swept sinusoid

uk = Re

eikΩ


, (2.44)

and we assume that the output signal can be modeled as

Yk = Re
M

m=1

ξ
(m)
k eimkΩk + Zk (2.45)

where Zk
iid∼ N (0, σ2

Z) is the noise and the coefficient ξ
(m)
k , α

(m)
k eiφ

(m)
k

contains the amplitude α
(m)
k and the phase φ

(m)
k of the m-th harmonic.

Since Ωk ≈ Ωk−1 we can assume for weekly nonlinear systems of low
enough order

ξ
(m)
k ≈ ξ

(m)
k−1 (2.46)

for m = 1, . . . ,M . The signal model can now be written as

Yk = ck xk + Zk , (2.47)

xk ≈ xk−1 , (2.48)

where

ck ,

cos

k

j=1

Ωj , sin
k

j=1

Ωj , . . . , cos
k

j=1

MΩj , sin
k

j=1

MΩj


, (2.49)

x ,

Re ξ

(1)
k , Im ξ

(1)
k , . . . ,Re ξ

(M)
k , Im ξ

(M)
k

T
. (2.50)



26 Regularized Recursive Least Squares

=
Xk

ck

N (ỹk, σ
2
Z)

fλr
XK

Figure 2.3: Factor graph representations of regularized least squares as
in (2.52).

The coefficients ξ
(m)
k can be estimated by forward and backward message

passing in the RLS graph of Figure 2.2 in which the forgetting factor
implements the approximate equality of (2.48). We thus can estimate
the transfer-function Hm(eimΩ) from the input to the m-th harmonic at
frequencies mΩk as

Ĥm(eimΩk) = [x̂k]2m−1 + i[x̂k]2m . ♦

2.5 Regularized Recursive Least Squares

The cost function for the regularized least squares problem can be stated
as

κ(x) = (y −Cx)
T
(y −Cx) + λ r(x) (2.51)

where r(x) : RnX →→ R≥0 is also a cost function, here named the reg-
ularizing function and λ is the regularization parameter. Usually, the
regularizing function is chosen as the ℓ2 norm r(x) = ∥x∥2 = xTx, but
also the ℓ1 norm r(x) = ∥x∥1 =

n
i=1|xi| or even functions violating the

non-negativity such as r(x) =
n

i=1 xi may be useful.

Again, the equivalent statistical model can be derived from (2.3) and (2.6)
as

p(y,x) ∝ e−λ r(x)/(2σ2
Z)

K

k=1

e−(yk−ckx)
2/(2σ2

Z) . (2.52)

By defining the exponentiated regularizing function

fr(x) , e−r(x)/(2σ2
Z) (2.53)
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Figure 2.4: Factor graph representation of regularized recursive least
squares (RLS) (2.56).

we obtain the factor graph representation of (2.52) in Figure 2.3 for fixed
observations Yk = ỹk. The additional factor fr(x)

λ can be moved to any
location k = 1, . . . ,K in the graph without changing the global function.

We consider a regularized form of two-sided RLS by defining K (regular-
ized) cost functions for ℓ = 1, . . . ,K as

κℓ(x) = (y −Cx)
T
Wℓ(y −Cx) + λ r(x) (2.54)

=
K

k=1

γ|k−ℓ|(yk − ckx)
2
+ λ r(x) , (2.55)

where γ is the forgetting factor, r(x) is the regularizing function, and λ
is the regularization parameter. The equivalent statistical model can be
derived from (2.3) and (2.6) as

p(y,x) ∝ e−λ r(x)/(2σ2
Z)

K

k=1

e−γ|k−ℓ|(yk−ckx)2/(2σ2
Z) . (2.56)

The factorization (2.56) can be represented by the factor graph shown in
Figure 2.4 for fixed observations Yk = ỹk.

Sometimes, we may want to distribute the regularization factor over all
time slices as shown in Figure 2.5. The factorization represented by this
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fλ
′′

r
X1 =

γ

Xℓ−1 =

γ

Xℓ =
Xℓ+1

fλ
′′

r
XK

cℓ−1
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N (ỹℓ, σ
2
Z)

fλ
′

r

cℓ+1
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Figure 2.5: Factor graph representation of two-sided recursive least
squares (RLS) with distributed regularization (2.57).

graph is

p(x,y) ∝ e−γℓ−1λ′′ r(x)/(2σ2
Z) e−γK−ℓλ′′ r(x)/(2σ2

Z)

·
K

k=1

e−γ|k−ℓ|λ′ r(x)/(2σ2
Z) e−γ|k−ℓ|(ỹk−ckx)2/(2σ2

Z) ,
(2.57)

where we have introduced two regularization parameters λ′ and λ′′. At
first sight, distributing the regularization is such a way seems to be
uninteresting. We show, however, a useful extension of this model in
Section 6.5.1.

Forward message passing in such a model is equivalent to an algorithm
known under the name of “leaky” RLS [44].

Theorem 2.1: Distributed Regularization
The factorizations (2.56) and (2.57) are equal up to a scale factor if

λ′ = λ
1− γ

1 + γ
(2.58)

and

λ′′ = λ
γ

1 + γ
. (2.59)

Proof. When equating the logarithm of (2.56) and (2.57), the quadratic
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terms involving yk cancel and we are left with the regularization terms:

λ r(x)

2σ2
Z

=
λ′′ r(x)


γℓ−1 + γK−ℓ



2σ2
Z

+
λ′ r(x)
2σ2

Z

K

k=1

γ|k−ℓ| (2.60)

λ = λ′′

γℓ−1 + γK−ℓ


+ λ′

K

k=1

γ|k−ℓ| (2.61)

= λ′′

γℓ−1 + γK−ℓ


+ λ′

1 + γ − γK−ℓ+1 − γℓ

1− γ
(2.62)

This is one equation with two unknowns and hence there may be several
solutions λ′ and λ′′ in terms of λ. We additionally require that neither
λ′ nor λ′′ depends on K. Hence, we first let the factor graph extend on
both sides infinitely. Specifically, we let first K → ∞ and then ℓ → ∞.
Hence, γK−ℓ → 0 and γℓ → 0, and we get

λ = λ′
1 + γ

1− γ
. (2.63)

Back in the truncated graph, the term involving λ′′ must make up for
the missing regularization. The latter is

λ′′ = λ′
∞

k=1

γk − λ′
γ

1− γ
= λ

γ

1 + γ
. (2.64)

The resulting values λ′ and λ′′ can be back substituted in (2.62) for
confirmation.

2.6 Connections with State-Space Models

Trivially, the Gaussian statistical model representation (2.16) of least
squares can be viewed as a linear state-space model (SSM) (1.4) with
Ak = I, Bk = 0, and Ck = ck for k = 1, . . . ,K.

If the input Uk to a SSM is known, state estimation can be posed as a
least squares problem. The SSM

Xk = AkXk−1 +BkUk

Yk = ckXk + Zk

(2.65)
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for k = 1, . . . ,K can be reformulated as

Yk = ck

k

k′=1

Ak′X0 +

k−1

k′=1

k′+1

k′′=k

Ak′′Bk′Uk′ +BkUk + Zk . (2.66)

Now assume that we have observed values Yk = ỹk and Uk = ũk for

k = 1, . . . ,K, and that Zk
iid∼ N (0, σ2

Z). Then Equation (2.66) can be
formulated as

ỹ′k = C′
kX + Zk , (2.67)

where

ỹ′k , ỹk −
k−1

k′=1

k′+1

k′′=k

Ak′′Bk′ũk′ +Bkũk , (2.68)

c′k , ck

k

k′=1

Ak′ , and X , X0 . (2.69)

We see that (2.67) leads to the same statistical model p(y |x) as (2.16).
The inclusion of a forgetting factor would, however, change the model.

2.7 Application to Slowly Changing Periodic
Signals

Approximately periodic signals with known fundamental frequency occur
in diverse areas such as financial time series, biological systems, and
communication [31,38]. In this section we elaborate on the view taken
by Example 2.6 on such signals, and we show a real world example
application similar to [89].

2.7.1 Microwave Link Gain Measurements and Rain

It is well known that outdoor microwave links commonly used in commer-
cial telecommunication networks suffer from attenuation due to rain [79].
From this observation, it has been suggested to estimate rainfall rates
based on available gain measurement data of microwave links [106]. In-
deed, estimating rainfall rates in this way would be a welcome complement
to rain gauges and rain radar measurements [62, 106].
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However, estimating rainfall from gain data is challenging. The nature of
the problem is illustrated by the gray line in the upper plot of Figure 2.9a,
which shows the gain of a microwave link over 8 days. The deep jags
in the plot are due to heavy rain. Without rain, the gain fluctuates
smoothly within some fixed range exhibiting some degree of periodicity
with a period of 1 day, which is due to the daily cycle of temperature,
humidity, and air pressure.

Commonly, estimating the rainfall rate from such gain measurements
involves three separate tasks [39, 95, 106]. The first task is to classify the
data into segments with rain and segments without rain. The second task
is to estimate the smoothed baseline within each rainy segment, which is
subtracted from the measured attenuation; the result is a net attenuation
due to rain only. The third task is to estimate the rainfall rate based on
this net attenuation.

In this section we expand Example 2.4 to develop a model for solving
the first two tasks. Note that the periodic ARMA model as defined
in Example 2.2 is not well suited for this application for two reasons.
First, the model cannot deal with the non-uniform time stamps for
the data. Second, the model order would have to be chosen very high
(approximately the number of data items per day).

2.7.2 Model-Based Rain Estimation

We extend (2.42) and (2.43) in Example 2.6 to non-uniform sampling
and incorporate a DC drift. Let tk for k = 1, . . . ,K be the time stamps
of the observed signal Yk = ỹk for which we define the model

Yk = ξ
(0)
k +Re

M

m=1

ξ
(m)
k eimtkω + Zk , (2.70)

ξ
(m)
k ≈ ξ

(m)
k−1 , m = 1, . . . ,M , (2.71)

where ω is the continuous-time fundamental frequency, ξ
(m)
k ∈ C for

m = 1, . . . ,M are the Fourier coefficients, ξ
(0)
k ∈ R is the DC component,

and Zk is the noise.

First, we recall (cf. Example 2.4) that if we were to enforce strict equality
in (2.71), then (2.70) would model noisy observations of a (strictly)
periodic signal. The relaxation to an approximate equality in (2.71) is



32 Regularized Recursive Least Squares

=

γk

Xk−1 =

γk+1

Xk =
Xk+1

ck−1

+

Y ′
k−1N


0, σ2

ok−1



Yk−1 = ỹk−1
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Figure 2.6: A recursive least squares (RLS) model with time-varying
forgetting factor and time-varying noise variance.

implemented with a forgetting factor that depends on the time interval
τk , tk − tk−1 between the observations. Specifically we define

γk , χτk (2.72)

to be the forgetting factor for both forward and backward message passing,
where χ is the forgetting factor per unit time.

Second, we define the noise Zk ∼ N (0, σ2
ok
) to be time-varying too. This

allows us to make a distinction between outliers and valid data items
depending on the class label ok ∈ {0, 1}, where ok = 1 means that ỹk is
an outlier. For the outliers we let σ−2

1 = 0, thus effectively removing this
observation from the model. For valid data items, we let σ2

0 be a fixed
parameter. In the application of microwave link gain, we model data
items corrupted with rain attenuation as outliers.

Our model is now defined by the factor graph in Figure 2.6 with the
definition (2.72) and with

ck ,

1, cos(tkω),− sin(tkω), . . . , cos(Mtkω),− sin(Mtkω)


. (2.73)

The equivalence with (2.70) and (2.71) is established by defining

xk ,

ξ
(0)
k ,Re ξ

(1)
k , . . . , , Im ξ

(1)
k , . . . ,Re ξ

(M)
k , Im ξ

(M)
k

T
. (2.74)

Given the measurements ỹk for k = 1, . . . ,K and some chosen values
for the parameters ω, M , σ2

0 , and χ, we would like to estimate the class
labels ok and the baseline Y ′

k. In our approach, we propose to initially
assume the complete absence of outliers and then alternate between
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a) estimating Y ′
k for fixed class labels ok and

b) updating the class labels ok for k = 1, . . . ,K based on the prediction
probability density function (PDF) p(yk |ỹ1, . . . , ỹk−1, ỹk+1, . . . , ỹK)
and the observation ỹk.

While the first step amounts to message passing in the graph of Figure 2.6,
the second step is defined as follows. The prediction PDF is proportional
to the prediction message −→µYk

, i.e:

p(yk |ỹ1, . . . , ỹk−1, ỹk+1, . . . , ỹK) = N

yk
−→mYk

,−→σ 2
Yk


. (2.75)

We classify the data item ỹk as an outlier if the value ỹk lies outside of a
confidence interval [−→µYk

− θ−→σYk
,∞), i.e:

ok =


1 if yk < ϑk

0 else
, ϑk , −→mYk

− θ−→σYk
, (2.76)

where θ is a parameter of the algorithm determining the tail probability
Q(−→mYk

− θ−→σYk
) we are willing to allow for outliers. This parameter

implicitly defines a detection threshold ϑk.

Note that in this application only negative outliers occur. If outliers
can occur in both directions then we would choose a confidence interval
[−→mYk

− θ−→σYk
,−→mYk

+ θ−→σYk
]. Also note that the threshold ϑk is time-

varying and adapts automatically to non-uniform time stamps and hence
to missing data.

Finally note that any chosen observation noise variance σ2
0 can be ab-

sorbed into θ. This follows directly from the message update rules for
Gaussian messages [65]. We are now ready to define the following offline
and an online algorithm.

Offline Algorithm

In this algorithm we assume that a whole block of data is available. The
message passing is done with reference to Figure 2.6.

a) Initialize ok = 0 for k = 1, . . . ,K,
−→
WX0

= 0,
←−
WXK+1

= 0.

b) Do forward and backward message passing in the factor graph of
Figure 2.6. For k = 1, . . . ,K, compute the estimate ŷk = mY ′

k
,
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+

Yk = ỹk

N

0, σ2

ok


ck

Y ′
k

=
Xk

γk

Xk−1

Figure 2.7: Approximately periodic signal estimation – Online algo-
rithm.

where mY ′
k
is the mean of the marginal on edge Y ′

k, and compute

the prediction message −→µYk
.

c) Apply the classification rule (2.76) to update the class labels ok for
k = 1, . . . ,K.

d) Go to Step (b) unless the class labels are unchanged or the available
time is over or the maximum number of iterations is reached.

Online Algorithm:

In this algorithm we assume that the data comes in a stream and we want
to produce a new baseline estimate ŷk and a new class label ok as soon
as the k-th data item has arrived. To do this, we consider forward-only
message passing in the factor graph of Figure 2.7. This naturally inhibits
iterations.

a) Initialize
−→
WX0 = ϵIM+1,

−→mX0 =

ỹ1, 0, . . . , 0


, for some small value

ϵ > 0. Set k = 0.

b) Increment k, get the data item ỹk and corresponding time stamp
tk.

c) Compute the prediction message −→µYk
in Figure 2.7 and apply the

classification rule (2.76) to set the class label ck.
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γ2

Xk

γ1

X(t)Xk−1

Figure 2.8: State estimation at an arbitrary time t.

d) Compute the estimate ŷk = mY ′
k
, where mY ′

k
is the mean of the

marginal on edge Y ′
k, and compute the message −→µXk

.

e) Go to Step (b).

Results

Both algorithms have been applied to real-world data, of which we report
the following example. In this example, the microwave link operates
at a single frequency of 38 GHz and covers a distance of 2876 m. The
link gain is provided in units dBm with a quantization of 0.1 dBm in
time intervals of approximately 3 min. Part of the data was deleted on
purpose to examine the behavior of the algorithms in the case of missing
data.

The algorithm parameters were set as in Table 2.1. In the offline algorithm
the class labels remained unchanged after the third iteration. Hence
there was no need to specify an upper limit on the number of iterations.

Figure 2.9 shows results for both the offline and the online algorithm.
Besides the measured gain data ỹk, the upper plots in Figures 2.9a
and 2.9b show the estimated baseline ŷk and the detection threshold ϑk.
The baseline can be estimated even in the region where the data has
been deleted (around day 7).

To see how this is done consider Figure 2.8. In this figure we define the
state X(t) at some time tk−1 < t < tk to lie between the edges Xk−1

and Xk in the RLS factor graph. The targeted interpolation is done
by two forgetting factors γ1 , χt−tk−1 and γ2 , χtk−t. For the online
algorithm the message ←−µX(t) is assumed to be neutral.

The lower plots in Figures 2.9a and 2.9b show rain rates measured by a
rain gauge in the vicinity of the microwave link. To validate the algorithms
qualitatively, the same plot shows a crude rain estimate ok(ŷk − ỹk), i.e.
an estimate of the attenuation due to rain. We recall that the class label
ok is 1 only if rain has been detected. Also note that the actually plotted
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Parameter Value

M Number of harmonics 5
ω Fundamental frequency 2π
χ Forgetting factor per day 0.3
θ Tail probability parameter 0.7
σ2
0 Noise variance 1

Table 2.1: Parameter settings used for Figure 2.9.

quantity is ok(ỹk − ŷk) for better visibility. This estimate is certainly not
accurate enough to give exact account on the rain rate: e.g., nonzero
values are lower bounded by ϑk − ỹk.

Subjectively, however, this quantity captures the rain rate satisfactorily
for both the online and the offline algorithm. Missing detections and
false positives strongly depend on the chosen parameter θ which defines
the threshold ϑ. Also note that the measured rain rate cannot be taken
as ground truth since the measured rain is strongly localized as opposed
to the rain that affects the microwave link gain.



2.7 Application to Slowly Changing Periodic Signals 37

0 1 2 3 4 5 6 7 8

−50

−45

−40

G
a
in

[d
B
]

ỹk
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Figure 2.9: Rain rate estimation on example microwave link gain data.





Chapter 3

Infinite Impulse
Response Filters

3.1 Introduction

In this chapter we treat exclusively linear systems that have an infinite
impulse response (IIR). We will make this restriction exact in a formally
stated assumption. Pure finite impulse response (FIR) models have been
described in a Gaussian factor graph context, e.g., in [23, 65]. The use of
IIR model allows us to consider continuous-time versions and model long
time scales with low order.

In general we can use statistical models of linear systems for a variety of
tasks, e.g. de-noising, input estimation, signal separation, and more. We
will not describe concrete examples in this chapter though.

This chapter starts with some general consideration about IIR systems.
We present the real Jordan canonical form and introduce the notion of a
steady state. The latter is quite common in control theory. This notion
allows us to bring into picture the linear filtering view of message passing
in linear SSMs.

Next, we take a closer look at autonomous models – models lacking an
input and thus running on their own. Connections between a forgetting
factor, a scaled system matrix A, and non-autonomous systems are made.
The second-order case will be of special interest since in this case the
means of the messages are related to the discrete-time Fourier transform
of the observed signal.

Using the notion of a continuous-time stochastic system with noisy

39
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discrete-time observations [11, 12] we formulate two models – one for
polynomials and one for sinusoids. The former is equivalent with the
model commonly assumed for spline smoothing.

We conclude this chapter by sketching a way in which a high dimensional
SSM can be split up into second-order SSMs and we mention in what
sense message passing in the split-up model approximates message passing
in the joint model.

3.2 General Concepts for Linear State-Space
Models

3.2.1 Some Basic Definitions and Assumptions

A linear discrete-time SSM with Gaussian input Uk ∼ N (0 ,VUk
) and

additive Gaussian observation noise Zk ∼ N (0 ,VZk
) is defined as

Xk = Ak Xk−1 +Bk Uk ,

Yk = Ck Xk +Zk ,
(3.1)

where Xk is the state vector and Yk is the observable output. The
parameters that define the system are the system matrices (or vectors)
Ak, Bk, Ck and the covariance matrices VUk

and VZk
. These parameters

are possibly time-varying, such that both (!LTI) systems as well as
linear time-varying (LTV) systems can be modeled. The factor graph
representation of (3.1) is depicted in Figure 3.1.

General properties of such systems are treated in textbooks in a control
theory context [115], in a dynamical systems context [82], or in a linear
algebra context [45]. In general, systems of the form (3.1) can have FIRs
or IIRs, and the time-varying version shown here even allows jumps
between the two. In this thesis we restrict ourselves to an IIR case, which
we formally define as follows.

Assumption 3.1: IIR systems

a) In each time step k, the system is controllable and observable.

b) In each time step k, the system transfer function induced by Ak,
Bk and Ck has at least as many poles as zeros.
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)
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Xk−1

Figure 3.1: Factor graph representation of a linear discrete-time state-
space model (SSM).

c) The system’s input, state and output are real-valued.

Assumption 3.1a uses notions of control theory [97]. In our setup we
usually have much liberty in choosing the system. Hence, for our purposes
there is no need to treat systems that have uncontrollable or unobservable
modes.

A consequence of Assumption 3.1b is that for each time step k, the discrete-
time system (3.1) can be obtained by discretization of a continuous-time
system either using a zero-order hold approach or using the bilinear
transform. A second consequence of Assumption 3.1b is that A is non-
singular [45].

Message passing on the graph of Figure 3.1 and the connection with
Kalman filtering has been described in [65, 66, 110]. Indeed, for given
observations Yk = ỹk, forward message passing in the factor graph in
Figure 3.1 of a linear system (3.1) can be viewed as time-varying, linear
filtering. The state of such a message-passing filter is the mean −→mXk

or
a linear transformation thereof, the input is the observation ỹk, and the
output depends on what needs to be computed.

The above claim is verified by noting that all the update rules for Gaussian
messages of all the nodes in the factor graph are linear with respect to
the mean vectors [65]. The coefficients of this filter depend implicitly on
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−→
VXk−1

, VUk
, VZk

, and the system parameters Ak, Bk, and Ck.

3.2.2 The Real Jordan Canonical Form

For any given k, the transfer function of a system (3.1) from the input
Uk to the output Yk does not determine the system matrices Ak, Bk,
and Ck uniquely. Among the infinitely many parameterizations, there
exist a number of canonical forms. Earlier work [23,59] focused on the
observer and controller canonical form. In this thesis we focus on the
real Jordan canonical form.

The real Jordan canonical form [45] is seldom used in applications. The
reason is that for transforming an arbitrary linear system to the real
Jordan canonical form, the corresponding similarity transformation ma-
trix cannot in general be computed in a numerically stable way. Here,
however, this transform matrix is usually not computed. Instead we start
off directly with a Jordan form. Later, for parameter estimation, this
implies that we assume complete knowledge of the number of complex
and real poles.

Under the Assumptions 3.1, the real Jordan canonical form for Ak can
be formulated as

Ak =




J1 0 · · · 0

0 J2 · · · 0

...
...

. . .
...

0 0 · · · JM



, (3.2)

where each Jordan block Jm for m = 1, . . . ,M has either the form

Jm =




am 1 0 · · · 0

0 am 1 · · · 0

0 0 am
. . . 0

...
...

...
. . .

...

0 0 0 · · · am




(3.3)



3.2 General Concepts for Linear State-Space Models 43

or

Jm =




rotmam I2 0 · · · 0

0 rotmam I2 · · · 0

0 0 rotmam
. . . 0

...
...

...
. . .

...

0 0 0 · · · rotmam




, (3.4)

where am ,

Re ξm, Im ξm

T
, ξm , αm eiφm ∈ C, and the (scaled)

rotation matrix operator for a vector in R
2 is defined as

rotmam ,


Re ξm − Im ξm

Im ξm Re ξm


= αm rotmφm , (3.5)

where the rotation matrix operator for a scalar is defined as

rotmφm ,


cosφm − sinφm

sinφm cosφm


. (3.6)

Cf. Appendix B.1 for properties of (scaled) rotation matrices used in this
thesis. In general, the values am and am (or ξm) need not be distinct for
all m.

A Jordan block of the form (3.3) has a repeated eigenvalue am, whose
algebraic multiplicity equals the block size. A Jordan block of the
form (3.4) has a repeated pair of complex conjugate eigenvalues ξm, ξm
(or αme

±iφm), where the algebraic multiplicity of this pair equals by half
the block size.

It can be shown that for any matrix M ∈ R
n×n there is a nonsingular

matrix S ∈ R
n×n such that A = S−1MS is of the form (3.2). For any

M, the corresponding similar matrix A is unique up to permutation of
the Jordan blocks.

In this thesis we will be interested in the two following special cases:

a) The matrix Ak consists of one Jordan block J as in (3.3) or (3.4).

b) The matrix Ak has no repeated eigenvalues.
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Figure 3.2: Factor graph for a linear time-invariant (LTI) system.

3.2.3 Linear Time-Invariant Systems and the Steady-
State

A special case of the discrete-time linear system (3.1) is the time-invariant
system

Xk = AXk−1 +BUk

Yk = CXk +Zk ,
(3.7)

Note that the system matrices A, B, C and the covariance matrices VU

and VZ in this system remain constant across the time steps k. Figure 3.2
depicts the factor graph representation of (3.7).

The covariance matrices
−→
VX′

k+1
and

−→
VX′

k
on two consecutive edges X′

k+1

and X′
k in this graph are related by the following recursion:

−→
VX′

k+1
= A

−→
VX′

k
AT −A

−→
VX′

k
CT

VZ +C

−→
VX′

k
CT
−1

C
−→
VX′

k
AT +BVUB

T

(3.8)

This equation follows directly from applying the message update rules in
Gaussian factor graphs [65]. We define a steady-state solution to be a



3.3 Autonomous Systems and Systems with Forgetting Factor 45

covariance matrix
−→
VX′ that satisfies the equation

−→
VX′ = A

−→
VX′AT −A

−→
VX′CT


VZ +C

−→
VX′CT

−1
C
−→
VX′AT +BVUB

T ,
(3.9)

known as the discrete-time algebraic Riccati equation. Making an equiv-

alent formulation to (3.8) for the matrices
−→
WSk

,
←−
WX′

k
, and

←−
VXk

also
leads to discrete-time Riccati algebraic equations. We extend the notion
of steady-state covariance matrices to all edges in the factor graph in
Figure 3.2 and we indicate this notationally by omitting the time index
subscript.

Equation (3.9) is highly nonlinear [50,97]. Existence and uniqueness of
positive (semi-)definite solutions is, e.g., summarized in [50, Appendix E].
In our case, Assumption 3.1a suffices to guarantee the existence of unique

positive definite steady-state solutions
−→
VX′ ,

−→
WSk

,
←−
WX′

k
, and

←−
VXk

as long
as the system is stable, i.e. as long as all poles (eigenvalues of A) lie in
the interior of the unit disc on the complex plane. In general, however,
no closed form for these solutions are known.

3.3 Autonomous Systems and Systems with
Forgetting Factor

If the uncertainty of the input Uk in the LTI system (3.7) is removed,
i.e. if Uk = ũk, then the model can be reformulated as an RLS graph (cf.
Section 2.6). In this sections we take a closer look at such autonomous sys-
tems (Figure 3.3) without doing this conversion and we make connections
with a non-autonomous system.

Example 3.1: Autonomous System for Superposed Sinusoids
We devise an autonomous SSM in Jordan canonical form that models
a signal consisting of a sum of exponentially decaying (or increasing)
sinusoids. Specifically, we want to formulate a factor graph whose global
function is proportional to the PDF of the signal

Yk =

M

m=1

Re

ξm(tk)


+ Zk , (3.10)
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Figure 3.3: An autonomous linear state-space model (SSM).

with

ξm(t) , eαmt+i(ωmt+φm) , (3.11)

Re

ξm(t)


= eαmt cos(ωmt+ φm) , (3.12)

where αm, ωm, and φm are the decay factor, the frequency and the phase

respectively of the m-th sinusoid. In the above, Zk
iid∼ N (0, σ2

Z) and tk
are the time stamps at which we observe the signal.

Evidently, the corresponding autonomous SSM in Jordan canonical form
in Figure 3.3 has

Ak ,




ρ
(1)
k rotmΩ

(1)
k · · · 0

...
. . .

...

0 · · · ρ
(M)
k rotmΩ

(M)
k


 , (3.13)

c ,

1, 0, · · · , 1, 0


, (3.14)

where ρ
(m)
k , eαm(tk−tk−1), Ω

(m)
k , ωm(tk − tk−1) for m = 1, . . . ,M . In

this system, the state

Xk =

Re ξ1(tk), Im ξ1(tk), · · · ,Re ξM (tk), Im ξM (tk)

T
(3.15)

contains the real and imaginary parts of the signal components. Hence,
ML estimation of the parameters αm, φm based on observations ỹ1, . . . , ỹK
can be done by first computing the ML estimate x̂K = −→mXK

followed by
inverting the mapping to the parameter-space. ♦
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(a) Autonomous system with scaled state-
transition matrix.
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(b) Autonomous system with forgetting
factor γ.

Figure 3.4: Autonomous systems.

3.3.1 Induced Message Passing Filter

In this section we scrutinize the effects of scaling the state-transition
matrix A of an autonomous system and of applying a forgetting factor
to an autonomous system. Consider the two time-invariant SSMs that
factor as shown in Figure 3.4:

(a) An autonomous system with scaled state-transition matrix ρA,
where ρ > 0.

(b) An autonomous system with a forgetting factor γ where 0 < γ < 1.

In the following we first make explicit the filter induced by message
passing for given observed data Yk = ỹk in these two SSMs. Second,
we show in which sense these two SSMs can be made equivalent to the
non-autonomous SSM in Figure 3.5. Finally we give an analytic solution
to the steady-state covariance matrices for both SSMs.

Let λ1, . . . , λn be the eigenvalues of A. We restrict ourselves to the
steady-state case. The state of the message passing filter is chosen to be
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Figure 3.5: A linear system with nonzero input mUk
.

the weighted mean
−→
WXk

−→mXk
. For the SSM in Figure 3.4a we obtain

−→
WX = ρ−2A−T−→WXA−1 +CTV−1

Z C , (3.16)
−→
WX

−→mXk
= ρ−1A−T−→WX

−→mXk−1
+CTV−1

Z ỹk , (3.17)

−→mXk
= ρ−1−→W−1

X A−T−→WX
−→mXk−1

+
−→
W−1

X CTV−1
Z ỹk . (3.18)

In Equation (3.17) we identify the state-transition matrix for the message
passing filter as ρ−1A−T. Hence, the message passing filter has poles at
λ1/ρ, . . . , λn/ρ.

The equivalence with the non-autonomous SSM in Figure 3.5 is defined
by specifying the missing parameters VU and mUk

. (All the other param-
eters, i.e. A, C, and VZ are assumed to be the same as in Figure 3.4.) It
is straightforward to show from Equation (3.18) that the choice

VU = (ρ2 − 1)A
−→
W−1

X AT (3.19)

mUk
= (ρ− 1)A−→mXk−1

(3.20)

renders the two models (Figure 3.4a and Figure 3.5) equivalent up to a
change in the scale factor with respect to the represented PDF.

Proof of Equations (3.19) and (3.20). Equation (3.19) is proved as

−→
VX′ = ρ2A

−→
VXAT (3.21)

= A
−→
VXAT +VU , (3.22)
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where the first and the second equality follow from applying update rules
in Figure 3.4a and Figure 3.5 respectively. Analogously for Equation (3.20)
we have

−→mX′
k
= ρA−→mXk−1

(3.23)

= A−→mXk−1
+mUk

(3.24)

where again, the first and the second equality follow from applying update
rules in Figure 3.4a and Figure 3.5 respectively.

For the system in Figure 3.4b we obtain

−→
WX = γA−T−→WXA−1 +CTV−1

Z C , (3.25)
−→
WX

−→mXk
= γA−T−→WX

−→mXk−1
+CTV−1

Z ỹk , (3.26)

−→mXk
= γ

−→
W−1

X A−T−→WX
−→mXk−1

+
−→
W−1

X CTV−1
Z ỹk . (3.27)

Equation (3.26) directly shows that the message passing filter has poles
at γλ1, . . . , γλn. The equivalence with the non-autonomous system in
Figure 3.5 is established by choosing

VU = (γ−1 − 1)A
−→
W−1

X AT (3.28)

mUk
= 0 . (3.29)

Proof of Equations (3.28) and (3.29). Equation (3.28) is proved as

−→
VX′ = γ−1A

−→
VXAT (3.30)

= A
−→
VXAT +VU , (3.31)

where the first and the second equality follow from applying update
rules in Figure 3.4b and Figure 3.5 respectively. Analogously for Equa-
tion (3.29) we have

−→mX′
k
= A−→mXk−1

(3.32)

in both Figures 3.4b and 3.5.

We note that only in the version with a forgetting factor we can achieve
the effect of an equivalent non-autonomous system with zero-mean input.
The above findings can easily be extended to the time-varying case.
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Figure 3.6: An equivalent system to Figure 3.4b.

We mention yet another SSM that is equivalent to the system in Fig-
ure 3.4b. For a given time period k = 1, . . . ,K, the definition of a
forgetting factor allows us to convert the factor graph of in Figure 3.4b at
time K into the equivalent graph shown in Figure 3.6. This latter factor
graph represents a SSM with time-varying noise variance γk−KVZ . To
achieve the steady state in this system, the initial message −→µX0 should

be chosen with −→mX0
= 0 ,

−→
WX0

=
−→
WX . Note that the equivalence is only

up to a change in the scale factor with respect to the represented PDF.

3.3.2 Steady-State Solution

For the systems of Figures 3.4a and 3.4b, the steady-state solution
−→
WX

must fulfill (3.16) and (3.25) respectively. Equations of this form are
known as Lyapunov equations. In contrast to the discrete-time algebraic
Riccati equation (3.9), a Lyapunov equation is linear.

The solutions to Equation (3.16) for the system if Figure 3.4a can be
summarized as follows [50]. Remember that λ1, . . . , λn are the eigenvalues
of A. If ρ2λi ≠ 1 for all i = 1, . . . , n, then there exists a steady-state

solution
−→
WX given as

cvect
−→
WX =


In − ρ−2


A−T ⊗A−T

−1

cvect

CTV−1

Z C

. (3.33)

Similarly, a steady-state solution
−→
WX to Equation (3.25) for the system (b)
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exists if λi/γ ̸= 1 for all i = 1, . . . , n and can be written as

cvect
−→
WX =


In − γ


A−T ⊗A−T

−1

cvect

CTV−1

Z C

. (3.34)

Proof of Equations (3.33) and (3.34). In Appendix E.3 we use a linear
algebra interpretation of factor graphs to show that the Lyapunov equa-
tion (3.25) is equivalent to

A′ cvect
−→
WX = cvect


CTV−1

Z C

, (3.35)

where

A′ , I− ρ−2

A−T ⊗A−T


. (3.36)

Thus, a solution exists if and only if A′ is nonsingular. The 2n eigenvalues
of

A−T ⊗ A−T


can be shown to be {λ−1

i λ−1
j } for i, j = 1, . . . , n.

Hence the eigenvalues of A′ are {1 − 1/(ρ2 λi λj)} for i, j = 1, . . . , n.
The condition ρ2λi ̸= 1 for all i = 1, . . . , n implies that none of the
eigenvalues of A′ vanish and hence this matrix is invertible. Moreover
the steady-state solutions can be shown to be positive definite if the pair
{ρ−2A,CTV−1

Z C} is controllable.

An analogous argument is valid for Equation (3.34).

Finally note that the steady-state message passing filter for both sys-
tems (a) and (b) can potentially be unstable: the former if ρ−1 < |λ1|
and the latter if γ < |λ1|, where λ1 is the smallest eigenvalue of A in
magnitude. This stands in contrast to the non-autonomous LTI case in
which the message passing filter can be shown to be stable under the
Assumptions 3.1 as long as the LTI system is stable.

As a closing remark let us note that analogous results apply for backward
message passing. The main difference is that in all the above arguments
λ1, . . . , λn are the inverses of the eigenvalues of A.

3.3.3 The Second-Order Case

Second-order systems with a complex pole pair are of special interest as
they will appear in later parts of this thesis. In this subsection we will
show how the message passing filter for such systems is connected with
the discrete-time Fourier transform.
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XK

−→µXK

=
Xk

c

+

N (0 , γk−Kσ2
Z)

Zk

Yk = ỹk

A
Xk−1X0

Figure 3.7: Second-order autonomous system with forgetting factor for
forward message passing.

Forward Message Passing

Consider the factor graph in Figure 3.7, in which we have relocated the
effect of a forgetting factor γ for forward message passing to the noise
variance of Zk. The system matrices are

A , ρ rotmΩ , c ,

1, 0

. (3.37)

Such a system models essentially an exponentially decaying (or increasing)
sinusoid. Given the fixed data Yk = ỹk the message −→µXK

is

−→
WXK

=
1

2σ2
Z

−→υK − 1
−→υ − 1

I2 +
1

d


a b

b −a


, (3.38)

with

d , −→υ 2 − 2−→υ cos(2Ω) + 1 (3.39)

a , −→υK+1 cos(2KΩ− 2Ω)−−→υK cos(2KΩ)−−→υ cos(2Ω) + 1 (3.40)

b , −→υK+1 sin(2KΩ− 2Ω)−−→υK sin(2KΩ) +−→υ sin(2Ω) (3.41)
−→υ , γ/ρ2 , (3.42)

and

−→
WXK

−→mXK
=

rotm(KΩ)

σ2
Z

K

k=1

(γ/ρ)
K−k

ỹk


cos(kΩ)

− sin(kΩ)


. (3.43)
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In (3.43) we immediately recognize the real and imaginary parts of the
discrete-time Fourier transform of the windowed signal (γ/ρ)K−kỹk. The
concept of exponential windows for Fourier transforms goes back to [103].

Next we consider the case of no decay, i.e. γ = 1 and ρ = 1. In this case
Equations (3.38) and (3.43) simplify to

−→
WXK

=
K

2σ2
Z

I2 +
sin(KΩ)

2σ2
Z sinΩ

rotm(KΩ− Ω)


1 0

0 −1


, (3.44)

−→
WXK

−→mXK
=

rotm(KΩ)

σ2
Z

K

k=1

ỹk


cos(kΩ)

− sin(kΩ)


. (3.45)

If we choose one of the discrete Fourier transform (DFT) frequencies
Ωn = 2πn/K then sin(KΩn) = 0 and cos(KΩn) = 1. Hence, the above

simplifies to
−→
WXK

= K
2σ2

z
I2 and

−→
WXK

−→mXK
=

1

σ2
Z

K

k=1

ỹk


cos(kΩn)

− sin(kΩn)


(3.46)

=
rotm(Ωn)

T

σ2
Z

K−1

k=0

ỹk+1


cos(kΩn)

− sin(kΩn)


(3.47)

−→mXK
=

2 rotm(Ωn)
T

K


Re y̆n

Im y̆n


, (3.48)

where

y̆n ,
K−1

k=0

ỹk+1 e
−i2πkn/K (3.49)

is the n-th component of the DFT of ỹ1, . . . , ỹK .

There are several consequences of this connection between the message−→µXK
and Fourier theory:

• Orthogonality as occurring in Fourier theory carries over to the
computation of messages. This will be treated in Section 3.5.

• In the DFT case, fast versions of the DFT can be used to efficiently
compute messages of several SSMs in one go.
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• Any recursive method of computing variants of Fourier transforms
[47,48] can be used as efficient method for computing messages in
an online setting.

Finally, we give an analytic expression of the steady-state covariance

matrix
−→
WX as

−→
WX =

1

2σ2
Z


1

1−−→υ I2 +
1

−→υ 2 − 2−→υ cos(2Ω) + 1

·

1−−→υ cos(2Ω) −→υ sin(2Ω)
−→υ sin(2Ω) −→υ cos(2Ω)− 1


,

(3.50)

where we recall the definition −→υ , γ/ρ2. Equation (3.50) is valid only if−→υ < 1.

Details of the proof of all the results in this section are given in Ap-
pendix A.1.

Backward Message Passing

XK=
Xk

c

+

N (0 , γK−kσ2
Z)

Zk

Yk = ỹk

A
Xk−1X0

←−µX0

Figure 3.8: Second-order autonomous system with forgetting factor for
backward message passing.

Consider the factor graph in Figure 3.8, in which we have relocated the
effect of a forgetting factor γ for backward message passing to the noise
variance of Zk. The system matrices are again given in Equation (3.37).
Given the fixed data Yk = ỹk the message ←−µX0 is

←−
WX0

=
←−υ
2σ2

Z


←−υK − 1
←−υ − 1

I2 −
1

d


−a b

b a


, (3.51)
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with d given in (3.39),

a , −←−υK cos(2KΩ+ 2Ω) +←−υK+1 cos(2KΩ) + cos(2Ω)−←−υ (3.52)

b , −←−υK sin(2KΩ+ 2Ω) +←−υK+1 sin(2KΩ) + sin(2Ω) (3.53)
←−υ , γρ2 , (3.54)

and

←−
WX0

←−mX0
=

1

σ2
Z

K

k=1

(γρ)
k
ỹk


cos(kΩ)

− sin(kΩ)


. (3.55)

In the case of no decay (γ = 1 and ρ = 1), Equations (3.51) and (3.55)
simplify to

←−
WX0 =

K

2σ2
Z

I2 −
sin(KΩ)

2σ2
Z sinΩ


−1 0

0 1


rotm(KΩ+ Ω) , (3.56)

←−
WX0

←−mX0
=

1

σ2
Z

K

k=1

ỹk


cos(kΩ)

− sin(kΩ)


. (3.57)

If we choose one of the DFT frequencies Ωn = 2πn/K then sin(KΩn) = 0.

Hence, the above simplifies to
−→
WXK

= K
2σ2

z
I2 and

←−
WX0

←−mX0
=

rotm(Ωn)
T

σ2
Z

K−1

k=0

ỹk+1


cos(kΩn)

− sin(kΩn)


(3.58)

←−mX0
=

2 rotm(Ωn)
T

K


Re y̆n

Im y̆n


, (3.59)

where

y̆n ,
K−1

k=0

ỹk+1 e
−i2πkn/K (3.60)

is the n-th component of the DFT of ỹ1, . . . , ỹK .

Finally, we give an analytic expression of the steady-state covariance
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=
Xk

C

+

N (0 ,VZ)
Zk

Yk = ỹk

N (0 ,VR)

ρA
Xk−1

(a)

=
Xk

C

+

N (0 ,VZ)
Zk

Yk = ỹk

N (0 ,VR)

γ

A
Xk−1

(b)

Figure 3.9: Autonomous systems including regularization.

matrix
←−
WX as

←−
WX =

←−υ
2σZ


1

1−←−υ − 1
←−υ 2 − 2←−υ cos(2Ω) + 1

·

←−υ − cos(2Ω) sin(2Ω)

sin(2Ω) cos(2Ω)−←−υ


,

(3.61)

where we recall the definition ←−υ , γρ2. This equation is only valid if
←−υ < 1.

Details of the proof of all the above results are given in Appendix A.2.

3.3.4 Generalization to Incorporating Distributed Reg-
ularization

The autonomous systems in Figure 3.4 can straightforwardly be gener-
alized to include distributed regularization (cf. Section 2.5, Figure 2.5).
The generalizations are depicted in Figure 3.9.

Conceptually, the regularization factor can be viewed as an additional
noisy observation of the system state. Therefore, Equations (3.16)–(3.18)
and Equations (3.25)–(3.27) are merely expanded by an additive term in
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which A does not feature, and the poles of the corresponding message
passing filters do not change.

The steady-state equations are still Lyapunov equations. Specifically, the
solution in (3.33) changes to

cvect
−→
WX =


In − ρ−2


A−T ⊗A−T

−1

cvect

CTV−1

Z C+V−1
R


.

(3.62)

and the solution in (3.34) changes to

cvect
−→
WX =


In − γ


A−T ⊗A−T

−1

cvect

CTV−1

Z C+V−1
R


.

(3.63)

The regularization factor considered here is a zero mean Gaussian factor
with covariance matrix VR. The latter can be understood as a gener-
alization of the regularization parameter λ introduced in Section 2.5,
Equation (2.52). The Gaussian factor leads to a weighted ℓ2 regular-
ization r(x) = xTV−1

R x in the implied cost function. As mentioned in
Section 2.5, in principle, other forms of distributed regularization may
be useful, e.g., ℓ1 regularization, thus leading to different factors, e.g.,
a Laplace PDF. The resulting messages, however, are not Gaussian
anymore.

3.4 A Connection between Continuous-Time
Systems and Discrete-Time Systems

Here, we draw on [10–12] to provide an equivalent discrete-time system
for a given continuous-time system whose output is observed at discrete
time instants.

3.4.1 Continuous-Time Systems with Discrete-Time Ob-
servations

A stochastic continuous-time LTI SSM is defined by

Ẋ(t) = ÅX(t) + bU(t)

Y (t) = cX(t)
, (3.64)
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N (ỹk, σ
2
Z)

c

=
X(tk)

p

x′(tk)

x(tk−1)


X ′(tk)X(tk−1)

(a) Continuous-time state-space model (SSM) (3.64) with discrete-
time observations (3.65).

p

x′(0)

x(τ)


X ′(τ)X(0)

+
X ′(τ)

N (0 ,VU (τ))

A(τ)
X(0)

p

x′(0)

x(τ)


(b) Two equivalent factor graphs for the state evolution over a time period τ .

Figure 3.10: Factor graphs for continuous-time state-space models
(SSMs) with discrete-time observations.

where t ∈ R is the time variable, Ẋ(t) denotes the time-derivative of X(t),
and U(t) ∈ R is a white Gaussian noise process with autocorrelation
function E[U(t)U(t + τ)] = σ2

U δ(τ). We exclusively consider the case
where we have discrete-time noisy observations Yk = ỹk of

Yk = Y (tk) + Zk , (3.65)

where k ∈ Z are the indices of the sampling times tk and Zk
iid∼ N (0, σ2

Z).

Figure 3.10a shows the factor graph of such a system, in which the factor
p

x′(tk)

x(tk−1)

models the state evolution from time tk−1 to time tk.

In the following theorem an equivalent formulation of this state evolution
node is given.

Theorem 3.1: Equivalence of Continuous-Time and Discrete–
Time Systems [10–12]
The two factor graphs in Figure 3.10b are equivalent if

A(τ) = eτÅ ,
∞

m=0


τÅ
m

m!
, (3.66)
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and

VU (τ) = σ2
U

 τ

0

etÅ bbT etÅ
T

dt . (3.67)

In Equation (3.66) we recognize the zero-order hold discretization of Å
with sampling interval τ and Equation (3.67) is known as the controlla-
bility gramian [97]. As a consequence of Theorem 3.1, the factor graph
in Figure 3.10a can be substituted by a factor graph that represents the
following discrete-time LTI system

Xk = Ak Xk−1 +Uk

Yk = cXk + Zk

, (3.68)

where Ak , A(tk−tk−1), Uk ∼ N (0 ,VU (tk−tk−1)) and Zk
iid∼ N (0, σ2

Z).
Moreover, in the case of uniform sampling, this system is time-invariant.

Note that, since Theorem 3.1 applies to arbitrary time intervals, the
equivalence in Figure 3.10b can be used to model the system state X(t)
at any time t. This is done, for instance for some tk−1 < t < tk by
splitting the state evolution factor as

p

x′(tk)

x(tk−1)

= p

x′(tk)

x(t)

p

x(t)

x(tk−1)

. (3.69)

3.4.2 A State-Space Model for Polynomials

We use the findings of Section 3.4.1 to represent polynomials. A polyno-
mial or order N is defined as

y(t) =

N

n=0

dn t
n , (3.70)

where dn ∈ R are the coefficients. In the following we describe an
autonomous continuous-time SSM whose output is a polynomial (3.70).
The coefficients dn are hidden in the state vector of this system.

We start by defining the (N + 1)-dimensional state as

x(t) ,

y(t), ẏ(t), . . . ,

N

y (t)

T
, (3.71)
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where
n

y (t) denotes the n-th time-derivative of y(t). Note that
N

y (t) =
N ! dN is a constant. The autonomous continuous-time SSM thus is

ẋ(t) = Åx(t)

y(t) = cx(t)
, (3.72)

with

Å ,


0 IN

0 0


, c ,


1, 0, . . . , 0


. (3.73)

Using elementary rules of differentiation, the components of the state
vector x(t) can be expressed as

[x(t)]n =
N−1

ℓ=n

ℓ! dℓ t
ℓ−n

(ℓ− n)!
(3.74)

for n = 0, . . . , N . Hence, for the model (3.72) to produce the polyno-
mial (3.70) for t ≥ 0, the initial state x(0) should be set to [x(0)]n =N−1

ℓ=n
ℓ! dℓ

(ℓ−n)! for n = 0, . . . , N .

We extend the autonomous model (3.72) to the stochastic model (3.64)

for which we define b ,

0, . . . , 0, 1

T
. Also, we model discrete-time

observations (3.65) at sampling times tk. In the following, we invoke
Theorem 3.1 to formulate an equivalent discrete-time system of the
form (3.68).

Since Å is nilpotent of degree N − 1, the sum in (3.66) can be evaluated
to

A(τ) =




1 τ τ2

2
τ3

3! · · · τN

N !

0 1 τ τ2

2 · · · τN−1

(N−1)!

...
...

...
...

...

0 0 0 0 · · · 1



, (3.75)

[Ak]i,j =


τj−i

(j−i)! if j ≥ i

0 else
for i, j ∈ {0, . . . , N}, (3.76)

Also, the integral (3.67) can be evaluated to

[VU (τ)]i,j =
σ2
U τ

2N−i−j+1

(2N − i− j + 1) (N − i)! (N − j)!
(3.77)

for i, j ∈ {0, . . . , N}.
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Example 3.2: Cubic Spline Smoothing
Consider the discrete-time linear time-varying SSM (3.68) with

Ak ,


1 τk

0 1


, b ,


0

1


, c ,


1, 0

, VUk

, σ2
U


τ3k/3 τ2k/2

τ2k/2 τk


, (3.78)

where τk , tk−tk−1 and tk are the time stamps of the given data Yk = ỹk
for k = 1, . . . ,K. This is the discrete time equivalent of a noisy line
model, i.e. a polynomial of degree N = 1 (cf. (3.73), (3.76) and (3.77)).
With some given values σ2

U and σ2
Z Gaussian message passing can be

used to compute

x̂(t) = argmax
x(t)

p

x(t)

ỹ1, . . . , ỹK


(3.79)

for any t that satisfies t1 ≤ t ≤ tK . This happens to coincide with cubic
spline smoothing [86]. This equivalence is established by comparing the
cost functions (cf. [10–12]). In the special case where σ2

Z = 0 we have
[x̂(tk)]1 = ỹk and we get spline interpolation. ♦

If τ <
√
3, then [VU (τ)]N,N = σ2

U τ is the largest element in VU (τ) for

any order N . In this case we may approximate VU (τ) ≈ σ2
Uτb b

T. Note
that the resulting interpolation x̂(t) for arbitrary tk−1 < t < tk is not a
line between x̂(tk−1) and x̂(tk).

Finally, we mention that the interpolation method introduced in Sec-
tion 2.7.2, in which we have considered a forgetting factor per unit
time (2.72), again has a different cost function. Specifically, it can be
seen from (2.33) that the time-derivative of the cost function is discontin-
uous at points t = tk, which results in interpolation estimates x̂(t) with
discontinuous time-derivative.

3.4.3 A State-Space Model for Sinusoidal Signals

As in the previous section, we use the findings of Section 3.4.1 to represent
sinusoidal signals. We start with the continuous-time equivalent to
Example 3.1 in the second-order case. A sinusoid is defined as

y(t) = a cos(ωt+ φ) , (3.80)
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where a is the amplitude, ω is the frequency, and φ is the phase. We
define a second-order continuous-time SSM (3.72) whose state vector is

x(t) , a


cos(ωt+ φ)

sin(ωt+ φ)


, (3.81)

by letting

Å ,


0 −ω
ω 0


, c ,


1, 0

. (3.82)

We extend the autonomous system to the stochastic system (3.64) with

b ,

0, 1
T
. Also, we consider fixed discrete-time observations Yk = ỹk

of (3.65) at sampling times tk.

Theorem 3.1 allows us to formulate an equivalent discrete-time model
of the form (3.68). By considering the eigenvalue decomposition Å =

QΛ̊Q−1 with Q , 1√
2


1 1
i −i


, and Λ̊ , diag(−ωi, ωi) the following

results can be derived from Equations (3.66) and (3.67):

A(τ) = rotm(ωτ) (3.83)

VU (τ) =
σ2
U

4ω


− sin(2ωτ) + 2ωτ cos(2ωτ)− 1

cos(2ωτ)− 1 sin(2ωτ) + 2ωτ


(3.84)

Generalizations to systems with repeated pole pairs can be done. Specif-
ically, if Å ∈ R

(N−1)×(N−1) is a Jordan block of the form (3.4) with
diagonal blocks


0 −ω
ω 0


, then

A(τ) =




1 τ τ2

2
τ3

3! · · · τN

N !

0 1 τ τ2

2 · · · τN−1

(N−1)!

...
...

...
...

...

0 0 0 0 · · · 1



⊗ rotm(ωτ) . (3.85)

Analytic expressions of the matrix VU (τ) can be developed for specific
values of N . It is conjectured that if ω τ < π/2 then [VU (τ)]N,N =

σ2
U (sin(2ωτ) + 2ωτ )/(4ω) has the largest magnitude among all elements

in VU (τ). In this case we may approximate VU (τ) ≈ σ2
U τ bb

T.

All the remarks from the previous section on interpolation carry over to
the case considered here.
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3.5 State-Space Splitting and Loopy Graphs

In this section we consider several ways in which a high-dimensional
linear SSM can be partitioned into smaller connected SSMs. We start
with formulating a completely split model. We then consider the cases of
a coupled input and a coupled output.

For simplicity of exposition, let us assume that a LTI 4-th order SSM

Xk = AXk−1 +BUk

Yk = CXk +Zk

(3.86)

with input noise Uk
iid∼ N (0 ,VU ) and observation noise Zk

iid∼ N (0 ,VZ)
is parameterized in Jordan canonical form as

Xk ,


X

(1)
k

X
(2)
k


, A ,


A1 0

0 A2


∈ R

2×2 . (3.87)

In this section we work with a 4-th order system throughout. Generaliza-
tions to higher order SSMs in Jordan canonical form and to LTV systems
are evident.

Depending on B, C, VU , and VZ the system may completely decompose
into second-order subsystems. Specifically, if

B ,


b1 0

0 b2


∈ R

4×2 , VU , diag

σ2
U , σ

2
U


, (3.88)

C ,


c1 0

0 c2


∈ R

2×4 , VZ , diag

σ2
Z , σ

2
Z


, (3.89)

then the two systems completely decouple and the factor graph repre-
sentation of Figure 3.11 results. Generalizations of the above for vector
inputs, vector outputs, and higher order systems in Jordan canonical
form are straightforward. In such a situation we gain nothing by treating
the 4-th order SSM jointly and Gaussian message passing can be done in
each of the sub-graphs separately.

Let us now consider a case in which the input is coupled. Specifically, we
let C and VZ be defined as in (3.89), but we redefine

B , b ,


b1

b2


, VU , σ2

U , (3.90)
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A1
X

(1)
k−1

X
(2)
k−1

+

A2 +

b1 b2

N (0, σ2
U )

U
′(1)
k

N (0, σ2
U )

U
′(2)
k

=

=

c2c1

N (ỹk, σ
2
Z)

Y
′(1)
k

N (ỹk, σ
2
Z)

Y
′(2)
k

X
(1)
k

X
(2)
k

Figure 3.11: Completely split state-space model (SSM).

where b is a column vector. The system input Uk
iid∼ N (0, σ2

U ) is now
scalar has a direct influence on both parts of the state. Clearly, the
second-order subsystems do not decouple and, in principle, we should
treat the 4-th order SSM jointly by doing message passing on the factor
graph of Figure 3.2.

We nevertheless can propose to do message passing in the split graph of
Figure 3.11 even for this system. Any resulting estimates will only be
approximations of actual ML or MAP estimates. In return, any Gaussian
message passing algorithm will not have to compute full 4× 4 covariance
matrices (or precision matrices) but instead can operate with pairs of
2×2 covariance matrices (or precision matrices). While the gain for a 4-th
order system may seem minor it increases as O(n2) for an n-dimensional
system.

If the two subsystems are strongly coupled, a complete split as in Fig-
ure 3.11 is not attractive. We therefore propose to substitute the input
part of the factor graph in Figure 3.11 by the input part shown in Fig-
ure 3.12a. Note that this modification results in a loopy factor graph.
In this factor graph all covariance matrices (or precision matrices) to
be computed still have dimensions 2 × 2 but we now have to consider
iterative message passing algorithms because the factor graph has cycles.

As convergence of iterative message passing algorithms is not guaranteed
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Figure 3.12: Modification at the input for complete coupling (a) and
partial coupling (b).

even in the Gaussian case, a soft transition between the two regimes of
Figure 3.11 (complete split) and Figure 3.12a (complete coupling) may be
desirable. To this end we propose an algorithm based on the modification
shown in Figure 3.12b to the input part of the factor graph in Figure 3.11.
In this modification we have distributed the input noise over three factors.
Clearly, we recover the completely split graph of Figure 3.11 if

σ́2
U = σ2

U , σ́
2 → ∞ . (3.91)

On the other hand, the coupled graph of Figure 3.12a can be recovered
by setting

σ́2
U = 2σ2

U , σ́
2 = 0 . (3.92)

We now can devise an iterative message passing algorithm by starting
with the parameters set as in (3.91) and slowly adapting the parameters
to the target values in (3.92). Generalizations to differing noise variances
in each second-order subsystem, to vector inputs, and to higher order
systems are feasible.

We now turn to a case in which the output is coupled. Specifically, we
let B and VU be defined as in (3.88), but we redefine

C , c ,

c1, c2


, VZ , σ2

Z , (3.93)

where c is a row vector. The system output Yk is now scalar and is
influenced by both parts of the state. Clearly, the subsystems do not
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Figure 3.13: Modification at the output for complete coupling (a) and
partial coupling (b).

decouple and, in principle, we should treat the 4-th order SSM jointly as
in Figure 3.2.

In equivalence to the case of a coupled input we propose to substitute
the output part of the factor graph in Figure 3.11 by the output part
shown in Figure 3.13a. In the resulting factor graph we consider iterative
message passing algorithms as opposed to the completely split graph of
Figure 3.11. A soft transition between the two regimes can be achieved by
considering the modification of Figure 3.13b in which we have distributed
the observation noise over three factors. Clearly, we recover the completely
split graph of Figure 3.11 if

ỳk = ỹk , σ̀
2
Z = σ2

Z , σ̀
2 = 0 . (3.94)

On the other hand, the coupled graph of Figure 3.13a can be recovered
by setting

ỳk = ỹk/2 , σ̀
2
Z = σ2

Z/2 , σ̀
2 → ∞ . (3.95)

We now can devise an iterative message passing algorithm by starting
with the parameters set as in (3.94) and slowly adapting the parameters
to the target values in (3.95). Generalizations to differing noise variances
in each second-order subsystem, to vector inputs, and to higher order
systems are feasible.

Of course, the two concepts of coupling at the input and the output of
the factor graph can be used jointly and an iterative algorithm can be
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devised which slowly transits from the completely decoupled setup in
Figure 3.11 to a completely coupled setup of Figures 3.12a at the input
and 3.13a at the output.

As has been shown in Section 3.3.3, an autonomous second-order SSM
with complex conjugate poles models an exponentially decaying sinusoid,
and the weighted means of the messages can be computed with variations
of Fourier transforms. We recall the special case in which messages can
be computed with the DFT for several models in one go.

Specifically, let us assume that we are given a block of data ỹ1, . . . , ỹK
and that Am , rotm(2πm/K) for m = 1, . . . ,K. In this case, −→m

X
(m)
K

contains the real and imaginary part of the DFT of ỹ1, . . . , ỹK (cf. Equa-
tion (3.48)). From the orthogonality of the components it immediately
follows that, for the purpose of computing the means −→m

X
(m)
K

, we can

substitute the joint graph of Figure 3.2 by the completely decoupled
graph of Figure 3.11. The above equivalence does not hold anymore
as soon as the model is changed, e.g., by changing A or by including
a forgetting factor or state noise. Depending on the severity of these
changes the equivalence might, however, still hold approximately.





Chapter 4

Parameter Estimation in
Linear State-Space
Models

4.1 Introduction

In this chapter we consider situations in which a linear SSM is not
given completely. Instead we assume that we have to estimate model
parameters from knowing only the observations Yk = ỹk for k = 1, . . . ,K.
A linear SSM is determined by the following parameters:

a) The system order.

b) The system poles, i.e. the matrix A.

c) The system zeros, i.e. the matrices B and C.

d) The input noise variance or covariance matrix.

e) The observation noise variance or covariance matrix.

We will not address how to estimate the system order in this thesis.
Furthermore, let us note that the matrices A, B, and C can only be
identified up to a similarity transformation.

All algorithms in this chapter are iterative in nature. They start with
initial values for the parameters, and refine these in each iteration. We
do not present any strategy for choosing the initial values.

69
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fk

XkXk−1

=

Θk

Figure 4.1: Overview factor graph for estimating a parameter (vector)
Θ in a state-space model (SSM) with state Xk.

Parameter estimation for SSMs as presented here, can be cast into the
general framework of the factor graph in Figure 4.1.

The node fk contains the linear Gaussian SSM factor graph as detailed in
Figure 3.1, with fixed observations Yk = ỹk. The model parameters are
collected in a parameter vector θk. These parameters are assumed to be
(at least approximately) equal over time, lest the number of parameters
becomes too high. The equality constraints in Figure 3.1 may be softened
by means of a forgetting factor, thus allowing us to model a slowly
changing system. In the case of an LTI system the factor fk is detailed
in Figure 3.2.

The statistical estimation problem we want to solve is the ML estimation

θ̂ML = argmax
θ


p(ỹ,x|θ) dx , (4.1)

where XT ,

XT

0 , . . . ,X
T
K


contains all the state vectors and ỹT ,

ỹT
1 , . . . , ỹ

T
K


contains all the observations. In general (4.1) is a non-

trivial problem which cannot be solved by Gaussian message passing.
Also, we might be interested in approximately solving (4.1).

This chapter is structured as follow. The next section exposes some
details on the three underlying principles applied in this chapter:

• Cyclic maximization (CM)

• Expectation maximization (EM)

• Local Taylor approximation

These may generally be useful beyond the application to ML estimation
in SSMs. CM has been described, e.g., in [99]. Our treatment of the
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well-known EM algorithm is based heavily on [26]. Taylor approximations
can be found in many places in the literature. We provide two versions,
one for general positive factors and one for Dirac delta constraints. The
former is known as Laplace approximation [3]. In the latter case the
approach results in a linearization of the constraint. In the field of
Kalman filtering this linearization is termed extended Kalman filter [18].
The linearization presented here is also used in [9].

In the remaining two sections, these principles are applied to the estima-
tion of A and the estimation of noise variances.

4.2 General Principles

Here we establish principles that can be applied locally in a factor graph
that contains factors for which exact sum-product message passing results
in messages other than Gaussian.

The goal is to approximate factors such that Gaussian message passing
(or at least messages from the exponential family) can be maintained and
cycles in the graph do not prevent convergence. The latter can in general
not be guaranteed for local Taylor approximations.

We only treat three possibilities here, while many more exist or would
be candidates to consider. Others are variational message passing [8,
25], alternating direction method of multipliers [13], gradient ascent or
gradient EM [24], and more.

4.2.1 Cyclic Maximization

In the literature [23,99], the concept of CM goes under various names,
e.g., “iterative conditional modes” (ICM), “alternating maximization”,
or “coordinate ascent”. The idea behind CM is very simple. Consider
the maximization problem

x̂ = argmax
x

f(x) , (4.2)

where f : Rn → R≥0. When we partition the vector as

x1,x2


, x, then

the following iterative algorithm can be proposed. First choose some
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(c) Step (4.4).

Figure 4.2: Cyclic maximization (CM) and max-product message pass-
ing in graphs with cycles.

initial estimate x̂
(0)
2 . Then repeat

x̂
(i)
1 = argmax

x1

f

x1, x̂

(i−1)
2


(4.3)

and

x̂
(i)
2 = argmax

x2

f

x̂
(i)
1 ,x2


, (4.4)

where i is the iteration number. The generalization of (4.3)–(4.4) to more
than two partitions is straightforward.

Convergence of the CM algorithm is guaranteed as long as in every
maximization step, there exists a unique maximum. This is easily seen,
by noting that in every step, the function value cannot decrease. In
practice, acCM converges to a local maximum for many functions.

If f(x) is the global function of a factor graph, then CM may be used to
cut cycles for max-product message passing. Consider for example the
factorization

f(x1,x2) = fa(x1,x2) fb(x1,x2) (4.5)

as depicted in Figure 4.2a. The iterations (4.3) and (4.4) are depicted
in Figures 4.2b and 4.2c respectively, in which it is clearly seen that the
cycles are broken up.

For SSMs we apply CM on a high level to the problem (4.1) (ML esti-
mation of θ) by partitioning the vector θ into sub-vectors. For example,
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two such sub-vectors may correspond to the eigenvalues of the matrix
A and the output noise variance σ2

Z respectively. We then take turns to
maximize the sub-vectors.

On a lower level, we cannot in general apply CM directly to cut the
cycles in the factor graph of Figure 4.1 for parameter estimation. The
reason for this is that CM applies only to maximization problems, while
we have to solve the mixed maximization integration problem (4.1).

We nevertheless can propose to solve the different problem

θ̂ , argmax
θ

max
x

p(ỹ,x|θ) , (4.6)

which in some cases can be a good approximation to (4.1). Indeed, if the
joint PDF of Y , X, and θ is Gaussian (i.e. the log-likelihood function is
quadratic), then (4.6) is equivalent with (4.1). In our setup we are facing,
however, a non-Gaussian problem.

To solve (4.6) by max-product message passing in the factor graph in
Figure 4.1, the iteration (4.3)–(4.4) is formulated as

x̂ = argmax
x

p

ỹ,x

θ̂


(4.7)

θ̂ = argmax
θ

p

ỹ, x̂

θ

, (4.8)

where we have omitted the iteration number in our notation.

The maximization in (4.7) is done by max-product message passing in

the factor graph of the SSM with fixed parameters θ̂, which for linear
SSMs amounts to ordinary Gaussian message passing. The maximization
in (4.8) is done by max-product message passing in the upper part of the
graph of Figure 4.1, after having fixed Xk = mXk

for k = 0, . . . ,K.

4.2.2 Expectation Maximization

Expectation maximization (EM) has been described as a message passing
algorithm for factor graphs in [23,26, 59]. We refer the reader to [26] for
a general exposition of this subject and for some important cases in the
Gaussian setup.

For parameter estimation in linear SSMs as in Figure 4.1, the message
passing view of EM can be described as follows.
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f ′′f

Y

f ′

X

Θk

fk

Figure 4.3: Expectation maximization (EM) message for a factor fk as
in Figure 4.1 with internal structure.

a) Choose some initial value θ̂.

b) Perform sum-product message passing in the factor graph of the

SSM with fixed θ̂ in order to compute −→µXk
and ←−µXk

for k =
0, . . . ,K.

c) Compute the EM messages

←−µΘk
(θk) ∝ eηk(θk) (4.9)

according to a rule detailed below in (4.10).

d) Use the messages ←−µΘk
to compute new estimates θ̂ by max-product

message passing in the upper part (the equality nodes) of the graph
in Figure 4.1.

The EM message (4.9) is computed locally in the factor graph. On the
level of detail given in Figure 4.1 the rule for computing the exponent
in (4.9) is

ηk(θk) = Eplocal
[log fk(Xk−1,Xk,θk)] , (4.10)

where the expectation is with respect to the local PDF

plocal

xk−1,xk

θ̂k

∝ fk(xk−1,xk, θ̂k)

−→µXk−1
(xk−1)

←−µXk
(xk) . (4.11)

More generally, if the factor fk in Figure 4.1 has an internal structure as
shown in Figure 4.3, then the exponent of the EM message (4.9) can be
computed as

η(θk) = Eplocal
[log f(X,Y ,θk)] , (4.12)
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where the expectation is with respect to the local PDF

plocal

x,y

θ̂

∝ f(x,y, θ̂)−→µX(x)←−µY (y) . (4.13)

As detailed in [26, Section III.F] a problem arises if f is a Dirac delta
constraint. In this case we must group the factor f with one of its
(non-Dirac) neighbors, e.g. in Figure 4.3 this could be f ′ or f ′′ or any
internal factors to those as long as they are not Dirac deltas.

In contrast to the CM approach of Section 4.2.1, the EM algorithm has
a chance of finding the ML estimate of θ as long as the initial value for
θ̂ is not too far from the true value.

4.2.3 Local Taylor Approximations

Here we describe, how non-Gaussian factors can be approximated by
Gaussian factors, and nonlinear constraints by linear constraints. The
resulting graph is suitable for Gaussian message passing. Although our
view is different, there is a strong similarity to the factor graph approach
to gradient ascent [20]. In contrast to the previous two sections, we do
not address the problem of breaking cycles in the graph here.

General Node – The Laplace Approximation

Let the factor graph contain a factor f(x) : Rn → R>0 whose logarithm
is assumed to be twice differentiable. We consider the substitution
of this factor by a Gaussian factor by using a truncated Taylor series
approximation, more precisely a Laplace approximation [3], of ϕ(x) ,
− ln f(x) around an operating point x̂. This operating point can be
chosen to be the means of the marginals or the means of messages of the
edges connected to this factor.

In the following, we decorate the approximated factors with a tilde. The
Taylor series expansion of ϕ(x) around x̂ up until the second-order term
is

ϕ̃(x) , ϕ(x̂) + (x− x̂)
T ∇ϕ(x̂) + 1

2
(x− x̂)

T∇2ϕ(x̂) (x− x̂) , (4.14)

where ∇ϕ(x̂) = ∇ϕ(x)|x=x̂ is the gradient vector evaluated at x̂ and
∇2ϕ(x̂) = ∇2ϕ(x)


x=x̂

is the Hessian matrix evaluated at x̂. We define
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the corresponding approximate factor as

f̃(x) , e−ϕ̃(x) (4.15)

= f(x̂) e−(x−x̂)T ∇ϕ(x̂)−(x−x̂)T∇2ϕ(x̂) (x−x̂)/2 (4.16)

∝ ex
T
Wm−xT

Wx/2 , (4.17)

where W , ∇2ϕ(x̂), and Wm , Wx̂−∇ϕ(x̂).
The approximation described above cannot be applied to Dirac delta
constraints because the factor is assumed to be positive and finite. We
propose a different kind of approximation for such constraints in the
following.

Constraint Node – Linearization

Consider a factor graph in which the factor f(x) = δ

h(x)


represents a

(potentially multivariate) Dirac delta constraint, where h : RnX → R
nH

is a differentiable function. Let the variable vector X be split as XT ,
XT

1 , . . . ,X
T
n


into sub-vectors each of which is represented by an edge

in the factor graph, cf. Figure 4.4a.

In contrast to the previous section, we propose to linearize h(x) by means
of a Taylor series around an operating point x̂. This time, however, we
truncate the series after the linear term as

h̃(x) , h(x̂) +H(x− x̂) , (4.18)

where H is the Jacobian matrix evaluated at x̂ with elements

Hi,j ,
∂hi(x)

∂xj


x=x̂

, (4.19)

for i = 1, . . . , nX , j = 1, . . . , nH .

If x̂ is chosen such that it fulfils the constraint, then h(x̂) = 0 and

h̃(x) = H(x− x̂) , (4.20)

f̃(x) , δ

h̃(x)


= δ(H(x− x̂)) , (4.21)

where f̃ is the proposed approximation of f .

In a message passing algorithms it makes sense to choose the operating
point x̂ in terms of locally available quantities, e.g., messages on the
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Figure 4.4: Local view of linearization a contraint f(x) , δ

h(x)


.

edges X1, . . . ,Xn from the last iteration. One possible choice for x̂ that
fulfills the constraint h is

x̂ =

mT

X1
, . . . ,mT

Xn

T
, (4.22)

where mX1
, . . . ,mXn

are the means of the marginals. Alternative choices
that fulfill the constraint h are

x̂ =
−→mT

X1
, . . . ,−→mT

Xj−1
,←−mT

Xj
,−→mT

Xj+1
, . . . ,−→mT

Xn

T
(4.23)

for any j = 1, . . . , n. Note that the means −→mX1 , . . . ,
−→mXn

of the incoming
messages in general do not fulfil the constraint h.

The approximate constraint in (4.21) can be interpreted in a local factor
graph point-of-view as follows. We can rewrite (4.21) as

f̃(x) = δ
 n

i=1

Hi(xi − x̂i)

, (4.24)

where Hi is the sub-matrix of H corresponding to Xi. The corresponding
factor graph is shown in Figure 4.4b.
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Figure 4.5: Example 4.1: Linearization of an inner product constraint
δ(x3 − xT

1x2).

Example 4.1: Linearized Inner Product
Consider the constraint f(x) = δ(x3 − xT

1x2), where xT ,

xT
1 ,x

T
2 , x3


.

In this case h(x1,x2, x3) = x3 − x1x
T
2 and H =


−x̂T

2 ,−x̂T
1 , 1

. The

factor graph corresponding to (4.24) is shown in Figure 4.5 on the left.
The graph on the right can be shown straightforwardly to be an equivalent
version by writing out (4.21). ♦

Example 4.2: Rotation Matrix Multiplication
Consider the constraint f(x,θ,y) = δ


h(x,θ,y)


, where h(x,θ,y) ,

y − rotm(θ)x with x,θ,y ∈ R
2. Assuming that the operating point

x̂, θ̂, ŷ

has been chosen such that h(x̂, θ̂, ŷ) = 0 we write (4.20) as

h̃(x,θ,y) =

− rotm(θ̂) − rotm(x̂) I2


  

,H



x− x̂

θ − θ̂

y − ŷ


 . (4.25)

Figure 4.6 shows the corresponding factor graph on the left. The equiva-
lent factor graph on the right is derived from (4.25) as

h̃(x,θ,y) = y − ŷ − rotm(θ̂)(x− x̂)− rotm(x̂)(θ − θ̂) (4.26)

= y − rotm(θ̂)x− rotm(x̂)θ + rotm(x̂) θ̂ (4.27)

= y − rotm(θ̂)x− rotm(x̂)(θ − θ̂) , (4.28)

where we have used ŷ = rotm(θ̂) x̂. ♦
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Figure 4.6: Example 4.2: Linearization of a rotation matrix product.

We close this section by conjecturing that the Gaussian approximation
in [46] is in fact a linearization of a multiplication.

4.3 Estimation of Distinct System Poles in Jor-
dan Form

4.3.1 The Setup

Consider the LTI system

Xk = A(θ)Xk−1 +Uk ,

Yk = CXk +Zk ,
(4.29)

where Xk is the state, Uk
iid∼ N (0 ,VU ) is the state noise, Yk is the

observable output, and Zk
iid∼ N (0 ,VZ) is the observation noise. The

state-transition matrix A(θ) depends on a parameter vector θ, which
we want to estimate given observations Yk = ỹk for k = 1, . . . ,K. The
factor graph representation of (4.29) is shown in Figure 4.7. Note that
this is a detailed view of Figure 4.1.

Here, we restrict ourselves to the case where A is in Jordan canonical
form with distinct eigenvalues. Furthermore, we assume that the number
n ∈ N of real eigenvalues and the number m ∈ N of complex eigenvalue
pairs of A ∈ R

(n+2m)×(n+2m) is known in advance.

The real Jordan canonical form (3.2) inspires us to define the operator
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rotmn,m(·) as the mapping

rotmn,m : Rn+2m → R
(n+2m)×(n+2m) (4.30)

: θ =




a1
...

an

a1

...

am




→




a1 · · · 0 0
T · · · 0

T

...
. . .

...
...

...

0 · · · an 0
T · · · 0

T

0 · · · 0 rotm(a1) · · · 0

...
...

...
. . .

...

0 · · · 0 0 · · · rotm(am)




,

where ai = θi for i = 1, . . . , n and aj ,

θ2j+n−1, θ2j+n

T
. The matrix

rotmn,m(θ) has distinct real eigenvalues a1, . . . , an and distinct complex
conjugate eigenvalue pairs [a1]1 ± i[a1]2, . . . , [am]1 ± [am]2.

We now define the matrix A(θ) in our system (4.29) as

A(θ) , rotmn,m(θ) . (4.31)

In the following we formulate iterative message-passing algorithms based
on the principles exposed in Section 4.2 to estimate θ given observations
Yk = ỹk for k = 1, . . . ,K.

4.3.2 Gaussian Messages for Rotation Matrix Product

The application of the three principles in Section 4.2 yields three different
Gaussian messages ←−µΘk

in the factor graph of Figure 4.7, which are
summarized in the following theorem.

Theorem 4.1: Estimation of A in Real Jordan Form
In an LTI system (4.29), consider the estimation of A(θ) , rotmn,m(θ)
given some n,m ∈ N and observations Yk = ỹk for k = 1, . . . ,K as
described in Section 4.3.1. The three principles in Section 4.2 applied
to this problem result in three different Gaussian messages ←−µΘk

in the
factor graph of Figure 4.7.
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N (ỹk,VZ)

C

=
Xk

+
(Y )

N (0 ,VU )

A

=

Θk (,Θ)

Xk−1

(,X)

Figure 4.7: A linear time-invariant (LTI) system with state-transition
matrix A parameterized by θ. The edge labels in brackets
are used in Theorem 4.1 and Appendix B.2.

a) Applying CM (cf. Section 4.2.1) yields

←−
WΘ = RT WU R , (4.32)

←−
WΘ
←−mΘ = RT WU mY , (4.33)
←−mΘ = R−1 mY , (4.34)

where R , rotmn,m(mX).

b) Applying EM (cf. Section 4.2.2) yields

←−
WΘ = RT WU R+WU ⊙


Ī VX Ī



+ 2

IT1 WU I3


⊙

I4 VX IT2



+

IT1 WU I1


⊙

I2 VX IT2



+

IT3 WU I3


⊙

I4 VX IT4


,

(4.35)

←−
WΘ
←−mΘ = RT WU mY + diag


WU VXY T Ī

+ I2 WU VXY T I1 + I4 WU VXY T I3

,

(4.36)
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where R , rotmn,m(mX), Ī ,

In 0

0 02m


,

I1 ,


0n 0

0 Im ⊗ [ 1 1
0 0 ]


, I2 ,


0n 0

0 Im ⊗

1 0
0 −1



, (4.37)

I3 ,


0n 0

0 Im ⊗ [ 0 0
1 1 ]


, I4 ,


0n 0

0 Im ⊗ [ 0 1
1 0 ]


. (4.38)

c) Linearizing the constraint (cf. Section 4.2.3 and Example 4.2)

around an operating point x̂ = −→mX , θ̂ arbitrary, ŷ = A(θ̂)−→mX

yields

←−
VΘ = R−1


A(θ̂)

−→
VX A(θ̂)T +

←−
VY +VU


R−T , (4.39)

←−
WΘ
←−mΘ = RT


A(θ̂)

−→
VX A(θ̂)T +

←−
VY +VU

−1
←−mY , (4.40)

←−mΘ = R−1←−mY , (4.41)

where R , rotmn,m(−→mX).

The proof for Theorem 4.1 is given in Appendix B.2. It is worthwhile to
highlight the similarity of the three different messages in Parts (a)–(c).
In particular, (4.33) and (4.36) are equivalent if VXY T = 0, and (4.34)
uses the mean mY of the marginal where (4.41) uses the mean ←−mY of
the message.

4.4 Application to Quasi-Periodic Signals

Many signals occurring in nature are almost periodic. Examples can be
found in biological signals [105], financial time series [31], and natural
phenomena. Such signals often bear a certain amount of self similarity,
but the period as well as the signals shape tends to drift over time.

The Gaussian messages presented in Theorem 4.1 can be used to estimate
the slowly changing fundamental frequency of quasi-periodic signals.
The actual shape of the signal is found by Gaussian message passing
in the factor graph of a linear system as in Figure 3.1 with plugged-in
fundamental frequency.
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More precisely, we consider the following SSM:

Xk = A(Ωk)Xk−1 +Uk

Yk = cXk + Zk ,
(4.42)

where

A(Ωk) ,




rotm(Ωk) · · · 0

...
. . .

...

0 . . . rotm(MΩk)


 ∈ R

2M×2M , (4.43)

c ,

1, 0, . . . , 1, 0


, (4.44)

Uk
iid∼ N (0 , σ2

UI2M ), and Zk
iid∼ N (0, σ2

Z).

In the case Ωk = Ω1 for all k = 1, . . . ,K and σ2
U = 0, the SSM in (4.42)

models a noisy periodic signal with fundamental frequency Ω1 (and
without a DC component). If we keep the restriction Ωk = Ω1 for all
k = 1, . . . ,K but allow σ2

U > 0, then we have a slowly changing periodic
signal with constant fundamental frequency Ω1. This case was treated in
Section 2.7.2.

For the quasi-periodic signal model that we envisage, Ωk should be
allowed to change slowly over time as

Ωk ≈ Ωk−1 . (4.45)

We make this informal constraint precise by defining the factor graph of
a quasi-periodic signal in Figure 4.8, in which the soft constraint (4.45)
is modeled by means of a forgetting factor γ.

We realize that the SSM (4.42) used for a quasi-periodic signal can be
formulated in real Jordan canonical form (4.29) and (4.31) if we let n = 0,
m =M , VU , σ2

UI2M , C , c, and

Θ(Ωk) ,

cos(Ωk), sin(Ωk), . . . , cos(MΩk), sin(MΩk)

T
. (4.46)

Now we can consider estimation of Ωk via message passing using any
of the approximation methods of Theorem 4.1. All the considered ap-
proximations yield a message that is Gaussian with respect to Θ. The
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Figure 4.8: A linear slowly time-varying system for quasi-periodic sig-
nals.

corresponding message with respect to Ωk is

ln←−µΩk
(ω) = −θ(ω)T

←−
WΘk

θ(ω)/2 + θ(ω)T
←−
WΘk

←−mΘk
+ const (4.47)

= − tr

θ(ω)θ(ω)T

←−
WΘk


/2 + θ(ω)T

←−
WΘk

←−mΘk
+ const .

(4.48)

Clearly, ln←−µΩk
is a periodic function of the form

ln←−µΩk
(ω) = Re


←−
ξT
Ωk

ϱ(ω)

+ const , (4.49)

with ϱ(ω) ,

eiω, ei2ω, . . . , eiMω

T
, and where the Fourier series coeffi-

cients
←−
ξΩk

∈ C
M depend on

←−
WΘk

and
←−
WΘk

←−mΘk
. The mapping

Γ:
←−
WΘk

,
←−
WΘk

←−mΘk


→ ←−ξΩk

(4.50)

can in general be formulated for all the three approximation methods.

While this mapping turns out to be quite intricate for EM and lineariza-
tion, it can easily be formulated for CM. In this case, by using (4.32)
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and (4.33) of Theorem 4.1a the mapping Γ evaluates to

Re

←−
ξΩk



m
= [mXk

]2m−1


mXk−1


2m−1

+ [mXk
]2m

mXk−1


2m

, (4.51)

Im

←−
ξΩk



m
= [mXk

]2m

mXk−1


2m−1

− [mXk
]2m−1


mXk−1


2m

. (4.52)

Equations (4.51) and (4.52) are proved in Appendix B.4.

Once the mapping Γ has been found for any of the three approximation
methods, the messages ←−µΩk

for all k can be formulated as in (4.49), and

each such message is parameterized by its Fourier coefficient vector
←−
ξΩk

.

In the course of performing max-product message passing in the upper
part of the factor graph in Figure 4.8, a forgetting factor γ is used. The
forward message on edge Ω′

k in Figure 4.8 thus is formulated as

−→µΩ′
k
(ω) =

−→µΩ′
k−1

(ω)
γ
←−µΩk

(ω) , (4.53)

such that

−→
ξΩ′

k
= γ

−→
ξΩ′

k−1
+
←−
ξΩk

. (4.54)

Similarly, for the backward pass we have

←−
ξΩ′

k−1
= γ
←−
ξΩ′

k
+
←−
ξΩk

. (4.55)

We now have all the ingredients to devise estimation algorithms for Ωk

from a given signal Yk = ỹk for k = 1, . . . ,K.

Offline Estimation of a Quasi-Periodic Signal:

a) Let ω̂k be an initial estimate of Ωk for all k = 1, . . . ,K.

b) Do forward and backward Gaussian message passing in the factor
graph of Figure 4.8 with plugged-in estimates Ωk = ω̂k for k =
1, . . . ,K.

c) From −→µXk
and ←−µXk

for all k = 0, . . . ,K, compute ←−µΩk
for all

k = 1, . . . ,K using the mapping Γ.

d) Do forward and backward message passing in the upper part of the
factor graph of Figure 4.8 using (4.54) and (4.55). Compute new
estimates ω̂k = argmaxω µΩk

(ω) for k = 1, . . . ,K.
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e) Go to Step (b) or stop the algorithm.

In this thesis, we do not elaborate on how to obtain an initial estimate
for Step (a). In Step (c), either of the three methods of Theorem 4.1 can
be employed. The maximization of the pseudo-marginal µΩk

in Step (d)
is, in general, not analytically solvable. We propose to use an iterative
Newton method, started at the estimate ω̂k known from the previous
iteration.

In an online scenario, the given signal ỹ1, ỹ2, . . . arrives sequentially in a
stream and we would like to produce the estimates ω̂1, ω̂2, . . . likewise. In
the following algorithm, let K ∈ N be the time index of the current data
item and let D ∈ N be a delay parameter. The algorithm is initialized
by assuming an initial estimate ω̂k for k = 1, . . . , D. As an additional
initialization step, we have to fetch the first D data items ỹ1, . . . , ỹD and
compute −→µXk

for k = 1, . . . , D in the factor graph of Figure 4.8 with
plugged in estimates ω̂k. We start by setting K = D.

Online Estimation of a Quasi-Periodic Signal:

a) Increment K and fetch the next data item ỹK .

b) Compute −→µXK−D
and ←−µXk

for k = K, . . . ,K −D − 1 in the factor
graph of Figure 4.8 with plugged-in estimates Ωk = ω̂K−D−1 for
k = K −D, . . . ,K.

c) From −→µXK−D−1
, ←−µXK−D−1

, −→µXK−D
, and ←−µXK−D

compute ←−µΩK−D

using the mapping Γ.

d) Compute −→µΩ′
K−D

in the upper part of the factor graph of Figure 4.8

using (4.54). Compute the new current estimate of the fundamental
frequency as ω̂K−D = argmaxω

−→µΩ′
K−D

(ω).

e) Go to Step (a).

Note that it is possible to refine the algorithm by devising an additional
inner loop in which we use the estimate ω̂K−D obtained in Step (d) to
redo the backward message passing in Step (b).

A variation of both algorithms described above arises if we consider
state-space splitting as defined in Section 3.5. While this is in principle
possible it may in general degrade the performance of the algorithms.
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Figure 4.9: Pseudo-periodic signal estimation.

Parameter Value

M Number of harmonics 6
σ2
U State noise variance 0.006
σ2
Z Observation noise variance 8

Offline algorithm

ω̂1, . . . , ω̂K Initial estimates 0.02π
γ Forgetting factor 0.995
R Number of iterations 10

Online algorithm

ω̂1 Initial estimate 0.02π
γ Forgetting factor 0.996
D Delay parameter 9 or 0

Table 4.1: Parameter settings used for Figure 4.9.
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In the following we report an example for estimation of an artificially
generated quasi-periodic signal. The signal (shown in the upper plot of
Figure 4.9) was generated by first choosing values ωk for k = 1, . . . ,K
and then drawing a sample from the inferred SSM. Note that the values
ωk need coincide with the ML estimates ω̂k,ML = argmaxω p(ỹ |ωk).

Both the online and the offline algorithm have been implemented using
the CM approach to parameter estimation as in Theorem 4.1a. The
corresponding mapping Γ is detailed in Equations (4.51) and (4.52).

Table 4.1 lists all the parameters used for signal generation and for the
offline and the online algorithm. For the online algorithm the forgetting
factor is chosen slightly higher because less information is aggregated in
the marginal ξΩk

than in the offline algorithm.

The original values ωk and the estimates resulting from the algorithms
are shown in the lower plot of Figure 4.9. Note that the obtained
estimates from the offline algorithm are most probably not ML estimates,
cf. Section 4.2.1. Both algorithms find reasonable estimates for Ωk. In the
online case, the algorithm takes some time until the estimates approach
a meaningful value. Also, the version with D = 0 (zero delay) seems to
lag slightly.

4.5 Variance Estimation

Variance estimation is a broad topic with many applications [53]. We
do not intend to give a complete overview here. Instead, we highlight
some of the results that can be obtained by applying the principles of
Section 4.2.

4.5.1 The Setup

Consider a factor graph that contains a Gaussian factor N (m,V). We are
interested in estimating the parameters of this factor, namely the mean
m and the covariance matrix V (or the precision matrix W = V−1).
The factor graph for this general local view is depicted in Figure 4.10a,
in which θ represents a parameter vector that defines m and V uniquely.

Figures 4.10b and 4.10c show two alternative possibilities for the choice
of the parameter vector θ. In both alternatives the mean m is taken care



4.5 Variance Estimation 89

N (m,V)

X

Θ

(a) General view.

+

X

m

N (0 , s)

Y

S

(b) Covariance matrix s.

+

X

m

×

Y

N (0 , I)
U

A

(c) Multiplication by A.

Figure 4.10: Local views for variance estimation.

of by means of an addition constraint, which is the natural choice for
Gaussian message passing. We henceforth only treat the estimation of
the variance or the covariance matrix, or some parameterization thereof.

In Figure 4.10b we directly take the covariance matrix as our parameter.
In order to avoid a clash in the notation we use the symbol s to denote
the covariance matrix when it takes on the role of a parameter. The edge
in the factor graph is labeled with a capital S as usual.

Figure 4.10c in contrast shows a parametrization in which the parameter is
a matrixA, which is multiplied with a zero-mean unit-variance variable U .
The resulting covariance matrix is AAT. Note that for a given covariance
matrix, a corresponding matrix A is not unique. More precisely, A can
be substituted by BA for any B that satisfies BBT = I. One way to
enforce uniqueness is to constrain A to be a lower (or upper) triangular
matrix.

The parameterizations in Figures 4.10b and 4.10c are not the only op-
tions. A further parameterization is the precision matrix W. This
parameterization is specially attractive in situations in which many of
the elements of X are independent because independence of Xi and Xj

implies [W]i,j = 0. We refrain from considering this parameterization
any further in this thesis.

In order to see the applicability of variance estimation in our setting, we
recall the linear SSM

Xk = AXk−1 +Uk

Yk = CXk +Zk ,
(4.56)
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where Uk
iid∼ N (0 ,VU ), and Zk

iid∼ N (0 ,VZ). Here the assumption that
VU and VZ are (at least approximately) constant for all time indices
k is important. On the other hand, the system parameters A and C
are allowed to change freely over time, i.e., we allow LTV systems. We
refrain from reflecting this in our notation. The matrix B is absent in this
system because we can absorb it into the state noise covariance matrix
VU , which is to be estimated.

4.5.2 Direct Variance Estimation by Expectation Maxi-
mization

In this section, we apply EM as in Section 4.2.2 to estimate the covariance
matrices. The parametrization of Figure 4.10c cannot directly be treated
in the framework of [26] because the Gaussian node appears at the
input of the multiplication. Reversing the multiplication does not solve
this problem because we introduce a factor

detA−1
 as detailed in

Appendix C.1. It may be feasible nevertheless to formulate an EM
algorithm for this parametrization. Here, we drop this option and choose
directly the covariance matrix as our parameter, cf. Figure 4.10b.

We intend to use the EM algorithm to estimate the covariance matrix
of the state noise Uk ∈ R

n. Figure 4.11 shows the factor graph for the
local view envisaged. Note that an analogous graph can be devised for
the estimation of the observation noise covariance matrix. Indeed, the
EM procedure described here is not restricted to SSMs but can be used
in any cycle-free factor graph to estimate covariance matrices.

In the factor graph of Figure 4.11, the EM message (4.9)–(4.11) is not
a Gaussian message but a (scaled) inverse-Wishart PDF. (See Ap-
pendix B.3.1 for details on the inverse-Wishart distribution.) Specifically,
we formulate the EM message on an edge representing a matrix sk ∈ S

n
≽0

as

←−µSk
(sk) ∝ (det sk)

−(←−νSk
+n+1)/2

e
− tr



←−
ΨSk

s
−1
k



/2
(4.57)

∝ W−1

sk

←−νSk
,
←−
ΨSk


, (4.58)

with

←−νSk
= −n , (4.59)

←−
ΨSk

= VUk
+mUk

mT
Uk
, (4.60)
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Figure 4.11: A linear system with input noise variance S.

where VUk
and mUk

are the covariance matrix and the mean vector
respectively of the marginal −→µUk

(uk)
←−µUk

(uk) with

VUk
=
−→
V−1

Uk
+
←−
WUk

−1

, (4.61)

mUk
= VUk

←−
WUk

←−mUk
. (4.62)

In
−→
VUk

we recognize the estimate ŝ from the previous iteration. The
proof for Equations (4.57)–(4.60) is in Appendix B.3.2. Note that Equa-
tions (4.61) and (4.62) follow immediately from Gaussian message update
rules and from −→mUk

= 0 .

In the maximization step, max-product message passing is applied to the
upper part of the graph in Figure 4.11. Indeed, inverse-Wishart messages
can be passed easily as

−→µS′
k
(s′k) ∝ (det s′k)

−(−→νS′
k
+n+1)/2

e
− tr

−→
ΨS′

k
s
′−1
k



/2
, (4.63)

where

−→νS′
k
= −→νS′

k−1
+←−νSk

+ n+ 1 (4.64)

−→
ΨS′

k
=

−→
ΨS′

k−1
+
←−
ΨSk

. (4.65)
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From the above update rules it is evident, that the inclusion of forgetting
factor is simple.

For the final maximization we consider the product of all the messages
←−µSk

for k = 1, . . . ,K, here denoted by µS :

µS(s) ∝ (det s)
−(νS+n+1)/2

e− tr(ΨS s
−1)/2 (4.66)

with

νS = K − n− 1 , (4.67)

ΨS =

K

k=1

←−
ΨSk

. (4.68)

Finally the maximum, and hence our new estimate ŝ, of µS is the mode
of this inverse-Wishart PDF which is (cf. Appendix B.3.1)

ŝ =
1

K

K

k=1

←−
ΨSk

(4.69)

=
1

K

K

k=1

VUk
+mUk

mT
Uk
. (4.70)

In the following we consider the scalar case. Note that this case has
already been worked out in [23, 59]. In the scalar case, i.e. if Uk ∈ R, the
inverse-Wishart EM message degenerates to an inverse-Gamma message.
(See Appendix B.3.1 for details on the inverse-Gamma distribution.)
Specifically,

←−µSk
(sk) ∝ s

−(←−αSk
+1)

k e−
←−
βSk

/sk (4.71)

∝ G−1

sk

←−αSk
,
←−
βSk


, (4.72)

with

←−αSk
= −1/2 (4.73)

←−
βSk

=
−→σ 2
U
←−σ 4
Uk

+−→σ 4
U


←−σ 2
Uk

+←−m2
Uk



2
−→σ 2

U +←−σ 2
Uk

2 , (4.74)
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where −→σ 2
U is the estimate of s from the previous iteration.

The maximizing value of the product over k = 1, . . . ,K of all EM messages
←−µSk

is

ŝ =
2

K

K

k=1

←−
βSk

(4.75)

=
ŝold
K

K

k=1

←−σ 4
Uk

+ ŝold
←−σ 2
Uk

+ ŝold
←−m2

Uk

←−σ 4
Uk

+ ŝold
←−σ 2
Uk

+ ŝold(ŝold +←−σ 2
Uk

)
, (4.76)

where ŝold , −→σ 2
U is the estimate from the previous iteration.

4.5.3 Variance Estimation by Local Approximation

The local view of Figure 4.10c allows us to treat the problem of variance
estimation by linearization of a multiplication node in the style of (4.21).
Let the multiplication be defined as in Figure 4.10c and let

xT ,

cvect(A)T,uT,yT


. (4.77)

In this case the Jacobian (4.19) is

H =

−ûT ⊗ I,−Â, I


, (4.78)

and the approximate constraint is

H̃(x) = H(x− x̂) (4.79)

= −ûT ⊗ I

cvect(A)− cvect(Â)


− Â(u− û) + y − ŷ (4.80)

= −

A− Â


û− Â(u− û) + y − ŷ (4.81)

= −Aû− Âu+ y − ŷ . (4.82)

This approximate constraint results in the factor graph depicted in
Figure 4.12. In this case, the freedom in choosing the operating point û,
Â, and ŷ is slightly restricted. Specifically, −→mU is not a sensible choice
for û because we always have −→mU = 0 .

In principle, the alternative parametrization in Figure 4.10b, using di-
rectly the covariance matrix as a parameter, can be approximated in the
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Figure 4.12: Variance estimation by linearization.

style of (4.17) by a Taylor series truncated to the second order. The
case of a general covariance matrix, however, turns out to be unwieldy.
Furthermore, there is a need for taking measure to ensure positive (semi-)
definiteness of the solution.



Chapter 5

Conclusion and Outlook

In this first part of this thesis we have taken a look at various topics, such
as RLS, Kalman filtering and EM, that traditionally are not treated in a
factor graph framework. We have shown, how we can gain new insight
into these topics and develop new algorithms by taking the structured
approach of a SSM represented by a factor graph.

Also, we have put forward a modeling view of discrete-time signals that
draws from continuous-time models. This view allows low-complexity
online processing of a stream of data with low latency (in contrast to
long FIR systems) and with strong coupling across time (in contrast to
block-based processing).

The main achievements in this part are:

• The formulation of distributed regularization.

• Formal connections between LTI SSMs with and without input and
autonomous systems with a forgetting factor.

• A connection between autonomous second-order systems and Fourier
transforms of an exponentially weighted signal.

• A model for splitting state spaces with a smooth transition between
completely decoupled and completely coupled treatment.

• The review of three relevant principles (CM, EM, and local Taylor
approximation) for approximating non-Gaussian or nonlinear factor
graph nodes and for devising iterative algorithms.

• The local factor graph view of parameter estimation for the system
state-transition matrix in Jordan canonical form.
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• The application of this view to the estimation of quasi-periodic
signals.

• The local factor graph view of certain instances of variance and
covariance matrix estimation.

We have not treated any further principles for dealing with non-Gaussian
factors and nonlinear constraints. This will remain a topic of future
work. Especially, it seems that different approaches yield algorithms with
different convergence properties. These need to be studied. Also, we did
not treat the question of initialization of these iterative algorithms.

No comparison has been done with other methods for estimating the
(time-varying) fundamental frequency of a (quasi-)periodic signal. In
the signal processing community is common, to first apply the Hilbert
transform [17,41, 67] to a given real valued signal in order to obtain the
corresponding complex valued analytic signal. A similar approach could
be envisaged in the context of factor graphs and EM. This approach
might lead to potentially simpler and yet accurate algorithms.

A further topic that will be relevant in the future is model selection.
There exist intriguing approaches [5,96,100] that until now have not been
formulated in a way suitable for forward-only processing.



Part II

Likelihoods and Glue
Factors
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“How can we explain the fact that, of the thousand products
of our unconscious activity, some are invited to cross the
threshold, while others remain outside? Is it mere chance
that gives them this privilege? Evidently not.”

Henri Poincaré (1854–1912)



Chapter 6

On Scale Factors and
Likelihoods

6.1 Introduction

In this chapter we first take a step back and make some general consid-
erations about sum-product message passing in factor graphs. Specifi-
cally, we address the fact that messages are scaled probability density
functions (PDFs) (or probability mass functions (PMFs)). Thus, a mes-
sage is completely described by (the parameters of) a PDF (or a PMF)
and a scale factor.

In the previous chapters, these scale factors were never needed because
we were mostly considering problems of the type

x̂ = argmax
x

β f(x) = argmax
x

f(x) , (6.1)

where any constant factor β is irrelevant. In this chapter, many problems
still are of the type (6.1), but for others we cannot neglect the scale
factors anymore.

This thesis is not the first to put forward the use of scale factors in factor
graphs. For example, in [2, 22] a method for computing information
rates of channels with memory is reported. This method is formulated in
terms of scale factors of sum-product messages, thereby making use of
the prediction message rule (I.3) in Table 6.1.

Here we intend to systematically lay the foundations for understanding
how scale factors can be computed along with other parameters of a
message in sum-product message passing. Although fairly general, our
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100 On Scale Factors and Likelihoods

view is biased towards signal processing based on state-space models
(SSMs).

We start in Section 6.2 we define two different types of scale factors.
For both types, various update rules applicable to sum-product message
passing in factor graphs are derived. We follow [65] and tabulate these
rules for general factors and for linear constraints both for general real-
valued variables and in the Gaussian case.

In Section 6.3 the connection between such scale factors and the likelihood
p(ỹ) of a particular observation Y = ỹ is presented. If the underlying
statistical model is represented by a factor graph, this connection becomes
particularly appealing. We extend this view to likelihood functions and
certain log-likelihood ratios (LLRs), thereby pointing out cases in which
the computation of scale factors is not necessary. Both, the general
probabilistic setting for real-valued random variables and the Gaussian
setting are treated.

Since actual likelihoods can take any values in the whole range of R,
the computation of such values is in general numerically not stable. In
Section 6.4 we show a local approximation that brings these values closer
to 0 but does not destroy too much information from a local perspective.
The principle idea of this approximation has been introduced in [64].

In the last section of this chapter we elaborate on two similar but in
general distinct approaches to a parameter selection problem: Should a
parameter u in a model be used or not? We do not treat the general case
but restrict ourselves to a Gaussian linear setting. In the first approach,
a Bayesian view is adopted, in which we consider a prior distribution of
u. In the second approach, we elaborate on the detection problem with
hypotheses u ̸= 0 versus u = 0.

6.2 Definitions and Message Update Rules

6.2.1 General Factor Graphs

Throughout this thesis the symbol µ refers to a sum-product message in a
factor graph, as opposed to any scaled version of a sum-product message.
Rarely, µ will stand for a max-product message. We will however always
indicate if this is the case.

In the following, we assume that a sum-product message is a multivariate
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non-negative but finite function µ : Rn → R≥0, or a multivariate Dirac
delta. Moreover, we allow functions whose integral with respect to any
subset of the n dimensions tends to infinity. These assumptions are
motivated by the fact that even in simple Gaussian factor graphs, Dirac
messages and messages with unbounded integral can easily occur. We
name the latter improper messages as opposed to proper, i.e. integrable,
messages.

Most of the considerations made here carry over, or even simplify, in the
case of discrete messages (cf. Appendix C.1). We do not treat any other
types of ranges here, e.g. mixed discrete and continuous ranges or subsets
of Rn, but such generalizations may be possible.

The above assumptions inspire us to define two types of scale factors,
only one of which needs to be finite and nonzero for a given sum-product

message at a time. We define the scale factor
−→
βX of the forward sum-

product message −→µX on an edge X in a factor graph as

−→
βX ,


−→µX(x) dx (6.2)

if the integral is finite and non-zero. Otherwise
−→
βX remains undefined.

The second type of a scale factor is defined by

−→γX , −→µX(0 ) (6.3)

if −→µX has a finite non-zero value at 0 . Otherwise −→γX remains undefined.
In the following, any statement about a β-type or a γ-type scale factor
has the implicit assumption that β or γ is well defined respectively.

If
−→
βX = 1, then −→µX is a properly scaled PDF. In the case of a neutral

message −→µX(x) = 1, the scale factor
−→
βX tends to infinity while the scale

factor −→γX = 1. If on the other hand −→µX(x) = δ(x− x̃) for some fixed x̃,

then
−→
βX = 1 while the scale factor −→γX tends to infinity if x̃ = 0 or to 0

otherwise.

For backward messages,
←−
βX and ←−γX are defined analogously to (6.2)

and (6.3). We define the pseudo-marginal

µX(x) , −→µX(x)←−µX(x) . (6.4)

The computation of this pseudo-marginal can be viewed as message pass-
ing through an equality node inserted on the edge X. (See Appendix C.1
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Figure C.2 for more details on such a modification.) We denote the scale
factor of a pseudo-marginal by βX or γX .

Notationally, we sometimes use the symbol

−→pX(x) , −→µX(x)/
−→
βX , (6.5)

to denote the properly scaled PDF induced by the message −→µX . Likewise
we use

−→νX(x) , −→µX(x)/−→γX (6.6)

to denote a different kind of scaled message. With these definitions we
are able to write a message in at least either of the following two ways:

−→µX(x) =
−→
βX

−→pX(x) = −→γX −→νX(x) . (6.7)

We use the symbols p and ν to denote the respective quantities relating
to the pseudo-marginal (6.4).

The choice of the value 0 in the definition (6.3) of −→γX may seem arbitrary,
and indeed, other definitions of the form −→γX , −→µX(x̃) for a fixed value
x̃ are possible, e.g., the expected value x̃ = E−→pX [X], the mode x̃ =

argmaxx
−→µX(x), or the median

 x̃

−∞
−→µX(x) dx = 1/2.

The choice x̃ = 0 in the definition (6.3) has, besides being always well
defined, the advantage that the two scale factor types β and γ are
connected via a Fourier transform. Specifically, the γ-type scale factor
can alternatively be written as

−→γX =
1

(2π)n

 −→
φX(ω) dω , (6.8)

where

−→
φX(ω) ,


−→µX(x) e−iωTx dx (6.9)

is the Fourier-transformed message1 and n is the dimensionality of the
vector X. Also, for the β-type scale factor, we have

−→
βX =

−→
φX(0 ) . (6.10)

1In most texts on probability theory the characteristic function (the Fourier
transformed PDF) is usually defined slightly different, lacking the minus sign in the
exponent.
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Node Update rule

YX

p(y |x)

−→
βY =

−→
βX (I.1)

If p(y |0 ) = δ(y), then

←−γX = ←−γY (I.2)

Z

Y = ỹ

X

p Y,Z |X (ỹ, z |x)

If
−→µpY (y) dy <∞, then

−→
βZ =

−→
βX

−→ppY (ỹ) , (I.3)

where −→ppY (y) ∝ −→µpY (y) is the prediction PDF, and−→µpY (y) is the prediction message computed using
the sum-product rule from −→µX(x) and a neutral
message ←−µZ(z) = 1.

Table 6.1: Scale factor update rules for general conditional probability
density function (PDF) nodes.

Hence, we can translate between
−→
βX and −→γX using

−→
βX
−→γX

=

−→µX(x) dx
−→µX(0 )

=
(2π)n

−→
φX(0 )

−→
φX(ω) dω

=


−→νX(x) dx , (6.11)

provided that the respective values are finite and nonzero.

Table 6.1 lists three general update rules for scale factors when passing
sum-product messages in a factor graph. These rules are valid for any
messages conforming with the stated assumptions. The local factors
considered here are conditional PDFs exclusively. Note that it is straight-
forward to generalize these rules to factors that are scaled conditional
PDFs. We do not treat more general factors in this thesis.

The update rules (I.1) and (I.2) turn out beautifully simple. The update
rule (I.3) involves the prediction PDF −→ppY , i.e., our knowledge about Y
based on knowing −→µX but with complete ignorance about Z. Indeed, the
prediction PDF plays an important role in the literature [50]. The proofs
for the update rules in Table 6.1 are in Appendix C.2.

We next turn to linear constraint nodes as in Table 6.2, all of which are
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Node Update rule

A
YX For any A ∈ R

n×m:
−→
βY =

−→
βX (II.1)

←−γX = ←−γY (II.2)

If A ∈ R
n×n is nonsingular:

−→γY = −→γX
detA−1

 (II.3)
←−
βX =

←−
βY
detA−1

 (II.4)

=
Z

Y

X −→γZ = −→γX ←−γY (II.5)

+
Z

Y

X −→
βZ =

−→
βX

−→
βY (II.6)

←−
βX =

−→
βY
←−
βZ (II.7)

Table 6.2: Scale factor update rules for linear nodes.

special cases of the first row in Table 6.1. The listed update rules are
still valid for any messages that comply with the stated assumptions.
Note that in general it is not possible to pass both the β-type and the
γ-type scale factor through all the nodes in every direction. In such
cases, it may be possible to use (6.11) to translate between the two types.
The computation of γX (the scale factor of a pseudo-marginal (6.4))
can be done using (II.5). All update rules in Table 6.2 are proved in
Appendix C.3.

6.2.2 Gaussian Messages

In this thesis we are particularly interested in Gaussian messages, be-
cause they arise naturally in linear SSMs. For a Gaussian message, the
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Node Update rule

A
YX

A ∈ R
n×m

rankA=min{n,m}

If m ≥ n and if
−→
VX is nonsingular:

−→γY = −→γX

 (2π)m det
−→
WY

(2π)n det
−→
WX

e
−→mT

XW
−→mX/2,

(III.1)

where W ,
−→
WX −AT

−→
WY A.

If m ≤ n and if
←−
VY is nonsingular:

←−
βX =

←−
βY

 (2π)m det
←−
VX

(2π)n det
←−
VY

e−
←−mT

Y

←−
WY V

←−
WY
←−mY /2,

(III.2)

where V ,
←−
VY −A

←−
VXAT.

=
Z

Y ∈ R
n

X If V ,
−→
VX +

←−
VY is nonsingular:

−→
βZ =

−→
βX
←−
βY


detV−1

(2π)n
e−mT

V
−1m/2 , (III.3)

where m , −→mX −←−mY .

+
Z

Y ∈ R
n

X If W ,
−→
WX +

−→
WY is nonsingular:

−→γZ = −→γX −→γY


(2π)n

detW
em

T
Wm/2 , (III.4)

where m ,
−→
WX

−→mX −−→
WY

−→mY .

If W ,
−→
WY +

←−
WZ is nonsingular:

←−γX = −→γY ←−γZ


(2π)n

detW
em

T
Wm/2 , (III.5)

where m ,
−→
WY

−→mY +
←−
WZ
←−mZ .

Table 6.3: Additional scale factor update rules for Gaussian messages.
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quantities (6.5), (6.6), and (6.9) can be written as

−→pX(x) = N

x
−→mX ,

−→
VX



=
1

(2π)n det
−→
VX

e−(x−−→mX)T
−→
V

−1
X

(x−−→mX)/2 , (6.12)

−→νX(x) = e−xT−→
WXx/2+xT−→

WX
−→mX , (6.13)

−→
φX(ω) =

−→
βX e−ωT−→

VXω/2−iωT−→mX , (6.14)

where
−→
VX =

−→
W−1

X is the covariance matrix if
−→
WX is nonsingular, −→mX is

the mean vector, and n is the dimensionality of X. The translation (6.11)
between the two scale factors types specializes to

−→
βX
−→γX

=


−→νX(x) dx (6.15)

=
1

N

0

−→mX ,
−→
W−1

X

 =


(2π)n

det
−→
WX

e
−→mT

X

−→
WX

−→mX/2 . (6.16)

Note that (6.16) is only valid if
−→
WX is nonsingular.

With the help of (6.16) we revisit uncovered cases in Table 6.2. Table 6.3
lists missing update rules for linear nodes. Note that these rules still
do not cover all possible situations such as multiplication with a rank
deficient matrix or cases in which covariance matrices of messages are
singular.

Finally, in Table 6.4 we present update rules for the composite blocks
used in Kalman filtering type algorithms [65]. Note that these rules apply

even if
−→
VX (or

−→
WX) is singular. This property enables us to augment

the standard Kalman filter (or Kalman smoother) with the computation
of scale factors, as we will see in Section 6.2.3 and later use in Chapter 7.

It is interesting to note that the auxiliary quantitiesV andW in this table
are the inverse Kalman gain and the inverse of the equivalent quantity
for the information filter. Here, these quantities arise very natural from
the proofs without any application of the matrix inversion lemma.

The update rules in Tables 6.3 and 6.4 are proved in Appendices C.4.
The proof idea used is not restricted to Gaussian messages but may be
applied to other types of messages, provided that the conversion (6.11)
between β and γ can be expressed.
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Node Update rule

=
ZX

A

Y ∈ R
n

If V ,
←−
VY +A

−→
VXAT is nonsingular:

−→
βZ =

−→
βX
←−
βY


detV−1

(2π)n
e−mT

V
−1m/2 , (IV.1)

where m , A−→mX +←−mY .

+
ZX

A

Y ∈ R
n

If W ,
−→
WY +AT

−→
WXA is nonsingular:

−→γZ = −→γX −→γY


(2π)n

detW
em

T
Wm/2 , (IV.2)

where Wm ,
−→
WY

−→mY −AT
−→
WX

−→mX .

If W ,
−→
WY +AT

←−
WZA is nonsingular:

←−γX = ←−γZ −→γY


(2π)n

detW
em

T
Wm/2 , (IV.3)

where Wm ,
−→
WY

−→mY +AT
←−
WZ
←−mZ .

Table 6.4: Additional scale factor update rules for composite blocks.

Example 6.1: Dual Scale Factor and Signal Energy in Au-
tonomous Models
Consider an autonomous SSM as depicted in Figure 3.3. Assume that
we have a observations Yk = ỹk for k = 1, . . . ,K. Then the logarithm of
the dual (β-type) scale factor ←−γX0

evaluates to

ln←−γX0 = −K
2


ln(2πσ2

Z) +
ξ2

σ2
Z


, (6.17)

where σ2
Z is the observation noise variance and

ξ2 ,
1

K

K

k=1

ỹ2
k (6.18)

is the signal power. This can be shown easily by applying the rules (II.2)
and (II.5). Equation (6.17) is valid for any autonomous model. If
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additionally, the matrices Ak are nonsingular for k = 2, . . . ,K then we
can write

ln−→γXK
= −K

2


ln(2πσ2

Z) +
ξ2

σ2
Z


−

K

k=2

ln|detAk| . (6.19)

where we have applied Rule (II.3). ♦

6.2.3 Kalman Smoothing with Scale Factor Computa-
tion

In [65], Kalman filtering type algorithms are described as Gaussian
message passing algorithms in the factor graph of Figure 6.1 representing
a linear SSM. The essential ingredient thereby is the usage of the update
rules in [65, Table 4] for the composite equality and matrix multiplication
block or for the composite addition and matrix multiplication block.
These two composite blocks are labelled in Figure 6.1 by (b) and (a)
respectively. (For the actual update rules we refer to [65].)

In the literature many versions of Kalman filtering and Kalman smoothing
have been described [50]. In the following we specify our usage of the term
Kalman smoothing by defining an algorithm with respect to Figure 6.1.
We envisage an online scenario, in which the data ỹ1, ỹ2, . . . arrives
sequentially in a stream. (Cf. Section 2.7.2 for an example of an offline
and an online algorithm.) Let K ∈ N be the time index of the current
data item and let D ∈ N be a delay parameter. We start the algorithm
at K = 1 by defining

−→µX0
(x0) = N


x0

0 ,−→VX


, (6.20)

where
−→
VX is the steady-state forward covariance matrix as defined in

Section 3.2.3. As an additional initialization step, we have to compute−→µXk
for k = 1, . . . , D and set K = D.

Kalman Smoothing:

a) Increase K and fetch the next data item ỹK .

b) Compute −→µXK−D
in the factor graph of Figure 6.1.
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XK=
Xk

C

+

N (0 ,VZ)
Zk

Yk = ỹk

+
X ′

k

B

N (0 ,VU )

Uk

A
Xk−1X0

a)

b)

c)

Figure 6.1: Linear state-space model (SSM) with composite blocks (a)
and (b) used for Kalman filtering and smoothing. Block (c)
can be interpreted as a conditional probability density
function (PDF).

c) Compute ←−µXk
for k = K, . . . ,K − D in the factor graph of Fig-

ure 6.1.

d) Compute any quantity of interest for time step K −D, e.g., a state
estimate x̂K−D, an input estimate ûK−D, or an estimate ŷK−D of
the noise-free output.

In Steps (b) and (c), the message passing updates make use of either of
the composite blocks (a) or (b) in Figure 6.1.

Now assume, that we want to compute scale factors along with the
message passing algorithm outlined above. We will see in Section 6.3
why in principle it may be attractive to do this. The goal is to compute
either of the two types, the β-type or the γ-type scale factor, for each
message, but not necessarily both at the same time.

For forward message passing in Step (b),
−→
βXK−D

can be computed using
the prediction rule (I.3). This follows by noting that the block (c) in
Figure 6.1 can be interpreted as a conditional PDF p(xk,yk |xk−1).

For backward message passing in Step (c), however, a direct application
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of the prediction rule (I.3) is precluded because of two reasons. First,
the block (c) in Figure 6.1 can be interpreted as a conditional PDF
p(xk−1,yk |xk) only if A is invertible. This is true for infinite impulse
response (IIR) systems that comply with Assumptions 3.1 in Section 3.1,
but not, e.g., for finite impulse response (FIR) systems. Second, the
prediction message −→µpYk

is not always proper, i.e. integrable, and hence
a prediction PDF does not exist. The reason for this is, that we start
off with a neutral message ←−µXK

(xK) = 1. Depending on the system
matrices A, B, and C, it may take some steps in the backward pass until
←−µXk

becomes proper.

One way to overcome these difficulties would be to give up the factor-
ization over the last few time steps, e.g., K − 1,K and collapse the
graph for these time steps into one factor, e.g., f(yK−2,yK−1,yK) =
p(yK−1,yK |xK−2).

A more attractive way is to compute the γ-type scale factor instead of
the β-type scale factor. For the neutral message ←−µXK

, we have ←−γXK
= 1.

Backward message passing through the factor graph of Figure 6.1 is indeed
possible if we use the update rule (IV.3) for the composite block (a).

We end this section with two remarks. First, note that it is always possible
to convert a Kalman smoother with delay D to a Kalman filter (forward
message passing only) by augmenting the state vector by a length of D.
Since no backward message passing is done in this augmented SSM, we
can always apply the prediction rule (I.3) to compute the β-type scale
factor.

Second, we have to point out, that scale factor computation as described
here is, in general not feasible for long signals, since the scale factors
quickly tend to extreme values. We will elaborate on this in the following
section. Nevertheless, in Chapter 7, we will encounter related algorithms
based on glue factors, in which scale factor computation does make sense.

6.3 The Connection Between Likelihood and
Scale Factors

Our primary usage of factor graphs is the representation of statistical
models for an observable signal. We restrict ourselves to real-valued
variables and real-valued parameters throughout. This is by no means
the only possibility. See [68] for a way of constructing a PDF of real-valued
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observable variables by means of complex-valued hidden variables.

In statistical models, likelihood computations play an important role,
most notably for estimation and detection problems. In this section we
present the connection between scale factors of sum-product messages
and likelihoods.

6.3.1 About Normalization Factors and Normalization
Functions

Consider a cycle-free factor graph with edges Z1, . . . ,Zm and global
function f(z) ≥ 0, where Z , (Z1, . . . ,Zm). We define the normalization
factor

ζ ,

f(z) dz . (6.21)

A factor graph with global function f(z) is said to represent a PDF p(z)
if the normalization factor (6.21) relates the two as

p(z) = f(z)/ζ . (6.22)

In many contexts, ζ is termed partition function [33].

Consider a cycle-free factor graph with edges Z1, . . . ,Zm,Θ and global
function f(z,θ) ≥ 0. We define the normalization function

ζ(θ) ,

f(z,θ) dz . (6.23)

A factor graph with global function f(z,θ) is said to represent a condi-
tional PDF p(z |θ) if the normalization function (6.23) relates the two
as

p(z |θ) = f(z,θ)/ζ(θ) . (6.24)

Note that a factor graph can only represent a PDF if the normalization
factor is finite and nonzero. Similarly, a factor graph can only represent
a conditional PDF if for every value θ the integral (6.23) converges to a
finite and nonzero value. Always when we use the word represent, we im-
plicitly assume a finite and nonzero normalization factor or normalization
function.
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It follows directly from these assumptions that any factor graph with
global function f(z,θ) that represents a joint PDF p(z,θ) can also
represent a conditional PDF p(z |θ). In this case we can think of the
normalization function ζ(θ) as a scaled prior PDF of Θ, and (6.24) simply
is a generalization of the definition of conditional PDFs. We refer to this
case as the re-normalized case.

On the other hand, a factor graph with global function f(z,θ) that is
proportional to a conditional PDF p(z |θ) cannot represent a joint PDF
p(z,θ), since in this case ζ(θ) is a constant. We will refer to this case
as the strictly conditional case. Notationally, we refer to this (constant)
type of normalization function as ζθ.

Theorem 6.1: Normalization Factor, Normalization Function

a) In any cycle-free factor graph with edges Z1, . . . ,Zm that repre-
sents a PDF p(z1, . . . , zm), the normalization factor (6.21) can be
computed as

ζ = βZk
, (6.25)

for any k = 1, . . . ,m.

b) In any cycle-free factor graph with edges Z1, . . . ,Zm,Θ that repre-
sents a conditional PDF p(z1, . . . , zm |θ), the normalization func-
tion (6.23) can be computed as

ζ(θ) = µΘ(θ) , or (6.26)

ζ(θ) = βZk
(θ) (6.27)

in the re-normalized case, and as

ζθ = γΘ (6.28)

in the strictly conditional case, where Θ is the edge that represents
the conditioning variable in the factor graph and βZk

(θ) for any
k = 1, . . . ,m is regarded as a function of θ.

Note that the computation of βZk
(θ) is done without integrating over θ,

i.e., in this case θ is formally not an edge in the factor graph anymore
but is treated as a parameter of some nodes. We will stick to this slightly
abusive notation and somewhat misleading meaning throughout.
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Proof. Part (a) follows from the definition (6.4) of a pseudo-marginal
and the definition of sum-product messages as

ζ =


−→µZk

(zk)
←−µZk

(zk) dzk = βZk
. (6.29)

In Part (b), Equations (6.26) and (6.27) follow from the definition of a
pseudo-marginal and the definition of the β-type scale factor respectively
as

ζ(θ) =


f(z,θ) dz = µΘ(θ) , (6.30)

ζ(θ) =


f(z,θ) dz = βZk

(θ) . (6.31)

In the strictly conditional case ζ(θ) is constant and (6.30) simplifies to

ζθ = µΘ(θ) = µΘ(0 ) = γΘ .

Theorem 6.1 tells us how sum-product message passing can be used to
compute normalization factors or normalization functions. Note that, in
contrast to other applications of sum-product message passing, message
scale factors must not be neglected. This puts to use the update rules
for scale factors as presented in Section 6.2.

The strictly conditional case is, e.g., fulfilled if all the factor graph
nodes are conditional PDFs, the directions of all arrows comply with the
convention introduced in Section 1.5.2, and the only open edge directed
towards a node is Θ. In such cases βΘ tends to infinity and the factor
graph cannot represent a PDF p(z,θ).

In the strictly conditional case, the global function of a factor graph by
definition is proportional to a conditional PDF. If, on the other hand,
the factor graph is proportional to a joint PDF, we can formulate the
new factor graph

f ′(z,θ) = µΘ(θ)
−1 f(z,θ) (6.32)

based on the original graph f(z,θ). This new graph now has a global
function that is a conditional PDF. Figure 6.2 shows the original version
and the re-normalized version of such a graph. Note that in these graphs,
the edges Z1, . . . ,Zm have been abstracted into a single edge Z, and that
the edge arrows in this case lack the meaning of conditional probabilities.
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f(z,θ)

Z

Θ

(a) Global function f(z,θ) ∝ p(z,θ).

f(z,θ)

Z

←−µ−1
Θ

Θ

(b) Global function f ′(z,θ) ∝ p(z |θ).

Figure 6.2: Conversion of a factor graph that represents a joint PDF
to a factor graph that represents a conditional PDF by
re-normalization.

It must be stressed that, in principle, by re-normalizing a factor graph
as done in (6.32) and in Figure 6.2 we throw away any prior knowledge
in the model about θ. In many cases, this might not be desirable.

Also, it has to be mentioned that there are other ways to compute the
partition function in a factor graph, both exactly and approximately
[108, 109]. These techniques, however, may not be easily adapted to a
filtering or smoothing scenario.

Example 6.2: Conversion of a Factor Graph to a Bayesian Net-
work
Assume that we are given a factor graph (i.e. a collection of factors
and variables) and we would like to convert this graph into a Bayesian
network [56,57,77]. Once we have decided on a directed acyclic structure
of the target graph we need to scale every factor. In this process it may
become clear that we have chosen an unsuitable structure, or that, indeed,
the factor graph cannot be converted to a Bayesian network.

Assuming that this conversion is possible without changing the graph
topology, we have to scale every factor that has both incoming and
outgoing edges such that it represents a conditional PDF. (Factors with
only outgoing edges need to be scaled to represent prior PDFs and factors
with only incoming edges need to be scaled to represent PDFs evaluated
at some specific values.)

Let f(x,y) be a factor with edges (X1, , . . . ,Xn) , X, (Y1, . . . ,Ym) , Y

in a factor graph and let p(y |x) be the target factor in the Bayesian
network. Then, the missing normalization function is ζ(x) =


f(x,y) dy.
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We restrict our setting to the case in which this normalization function
factors as ζ(x) =

n
j=1 ζ(xj). In this case we send ζ(x1), . . . , ζ(xn)

as messages to the nodes that connect to f via the edges X1, . . . ,Xn

respectively. We then are ready to construct the Bayesian factor as

p(y |x) = f(x,y)

m
j=1 ζ(yj)n
j=1 ζ(xj)

. (6.33)

Bayesian factors with only outgoing edges are constructed as

p(y) = f(y)

m

j=1

ζ(yj) . ♦

6.3.2 Statistical Models and Likelihood

In most statistical models we make a distinction between hidden variables
and observable variables. Let X1, . . . ,XmX

and Y1, . . . ,YmY
be edges

in a cycle-free factor graph with global function f(x,y) ≥ 0, where
X , (X1, . . . ,XmX

) are the hidden variables and Y , (Y1, . . . ,YmY
)

are the observable variables.

In the following we consider message passing in such a graph with and
without plugged-in observations Y = ỹ. In our notation we use a
circle (·)◦ to indicate messages (and their parameters) that are computed
without plugging in any observations. Usually, in the corresponding
factor graph, the edges Y1, . . . ,YmY

are then unconnected “open” edges.
We use no special symbol for messages that are computed in the factor
graph with plugged-in observations Y = ỹ.

The normalization factor of a statistical model with hidden and observable
variables is computed according to Theorem 6.1a as ζ = β◦

Z on any edge
Z among X1, . . . ,XmX

and Y1, . . . ,YmY
. The actual PDF represented

by the factor graph is then

p(x,y) = f(x,y)/β◦
Z . (6.34)

Analogously, for a statistical model that additionally depends on a param-
eter θ, the normalization function is computed according to Theorem 6.1b
as ζ(θ) = µ◦

Θ(θ), and the conditional PDF represented by the factor
graph is obtained by re-normalization as

p(x,y |θ) = f(x,y,θ)/µ◦
Θ(θ) (6.35)
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or in the strictly conditional case as

p(x,y |θ) = f(x,y,θ)/γ◦Θ . (6.36)

In a statistical model p(x,y) with hidden variables X and observable
variables Y , the likelihood of a particular observation Y = ỹ is defined
as

p(ỹ) ,

p(x, ỹ) dx . (6.37)

Analogously, in a statistical model p(x,y |θ) with hidden variables X,
observable variables Y , and parameter vector θ, the likelihood function
given a particular observation Y = ỹ is defined equivalently to (6.37) as

p(ỹ |θ) ,

p(x, ỹ |θ) dx . (6.38)

Theorem 6.2: Likelihood and Likelihood Function

a) Assume that a cycle-free factor graph with edges X1, . . . ,XmX

and Y1, . . . ,YmY
represents a statistical model p(x,y) with hid-

den variables X , (X1, . . . ,XmX
) and observable variables Y ,

(Y1, . . . ,YmY
). The likelihood of a particular observation Y = ỹ

can be computed as

p(ỹ) = βZ/β
◦
Z , (6.39)

for any edge Z among X1, . . . ,XmX
and Y1, . . . ,YmY

.

b) Assume that a cycle-free factor graph with edges X1, . . . ,XmX
,

Y1, . . . ,YmY
, and Θ represents a statistical model p(x,y |θ) with

hidden variables X , (X1, . . . ,XmX
), observable variables Y ,

(Y1, . . . ,YmY
) and parameter (vector) θ. The likelihood function

given a particular observation Y = ỹ can be computed in the re-
normalized case as

p(ỹ |θ) = µΘ(θ)/µ
◦
Θ(θ) , (6.40)

p(ỹ |θ) = βZ(θ)/β
◦
Z(θ) , (6.41)

for any edge Z among X1, . . . ,XmX
and Y1, . . . ,YmY

, where βZ(θ)
and β◦

Z(θ) are regarded as functions of θ. In the strictly conditional
case, the likelihood function can be computed as

p(ỹ |θ) = µΘ(θ)/γ
◦
Θ , (6.42)

p(ỹ |θ) = βZ(θ)/β
◦
Z . (6.43)
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We recall that for the computation of βZ(θ), θ is not treated as an edge
but as a parameter of some nodes, and hence no integration or summation
over θ is done.

Proof. Part (a) follow directly from Theorem 6.1a and the definition (6.37)
of the likelihood as

p(ỹ) =


f(x, ỹ) dx/β◦

Z (6.44)

= βZ/β
◦
Z . (6.45)

Part (b) follows directly from Theorem 6.1b and the definition (6.38) of
the likelihood function as

p(ỹ |θ) =

f(x,y,θ) dx/µ◦

Θ(θ) (6.46)

= µΘ(θ)/µ
◦
Θ(θ) , (6.47)

p(ỹ |θ) =

f(x,y,θ) dx/β◦

Z(θ) (6.48)

= βZ(θ)/β
◦
Z(θ) , (6.49)

and equivalently for the strictly conditional case.

Theorem 6.2 gives us a general view on how to compute likelihoods
and likelihood functions by sum-product message passing in a given
factor graph. Note that, in general, the scale factors of the sum-product
messages must not be neglected.

There are, however, many problems for which the computation of message
scale factors can be neglected nevertheless. Some of these problems are
treated in Section 6.3.3.

Again, we stress that in the re-normalized case of Equations (6.40)
and (6.41), we are throwing away prior information about θ. In many
cases, it may be more appropriate to consider θ as a random variable
and then let the factor graph represent the joint PDF p(x,y,θ).

6.3.3 Problems that are Unaffected by Scale Factors

In general, the computation of the message scale factors is unavoidable
when computing likelihoods or likelihood functions by message passing.
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There are, however, important classes of problems for which the exact
knowledge of the likelihood or the likelihood function is not important,
and the computation of scale factors can be omitted. In the following we
exemplify such situations.

Theorem 6.3: Scale Factors, Estimation, and Hypothesis Test-
ing
Assume that a factor graph with edges X1, . . . ,XmX

, Y1, . . . ,YmY
, and

Θ represents a statistical model p(x,y |θ) or p(x,y,θ), where X ,
(X1, . . . ,XmX

) are hidden variables, Y , (Y1, . . . ,YmY
) are observable

variables, and θ is a parameter (vector) or also a hidden variable. Let ỹ
be observations of Y .

a) For the computation of the maximum likelihood (ML) estimate θ̂ML,
the scale factors of the messages can be neglected.

b) For the computation of the joint maximum a posteriori (MAP)
estimate x̂ or the separate MAP estimate x̂j for any j = 1, . . . ,mX

given fixed a parameter θ = θ̃, the scale factors of the messages
can be neglected.

c) Let p(ỹ |Hθ) denote the likelihood under a hypothesis Hθ that de-
pends only on θ. For the computation of any LLR involving such
hypotheses, the scale factors of the messages can be neglected.

Proof. Part (a) follows from the definition of the ML estimate and Theo-
rem 6.2b in the re-normalized case as

θ̂ML , argmax
θ

p(ỹ |θ) (6.50)

= argmax
θ

µΘ(θ)/µ
◦
Θ(θ) , (6.51)

and in the strictly conditional case

θ̂ML = argmax
θ

µΘ(θ)/γ
◦
Θ . (6.52)

Clearly, in neither (6.51) and (6.52), any constant factor is of no impor-
tance.

For Part (b) we first consider a point-wise MAP estimate defined by

x̂j,MAP , argmax
xj

p

xj , ỹ

θ̃

, (6.53)



6.3 The Connection Between Likelihood and Scale Factors 119

for which, due to sum-product message passing, we can write

x̂j,MAP = argmax
xj

µXj
(xj) . (6.54)

Second, we consider a joint MAP estimate x̂ , (x̂1, . . . , x̂mX
) defined by

x̂MAP , argmax
x

p

x, ỹ

θ̃

. (6.55)

For this estimate we switch to max-product message passing and hence
we can write


x̂MAP


j
= argmax

xj

µXj
(xj) , (6.56)

where µ stands now temporarily for the max-marginal. It is evident that
neither in (6.54) nor in (6.56) any constant factor in µXj

does matter.

For Part (c) we consider two fixed values θ̃1 and θ̃0 corresponding to
two hypotheses. If the factor graph represents a joint PDF p(x,y,θ) we
consider two options for constructing an LLR: Either we re-normalize
the graph to a conditional PDFs in the sense of (6.35) or we take the
prior information in θ as a prior on the hypotheses. In the first case, the
LLR can be written with the help of Theorem 6.2b as

LLR , log
p

ỹ
θ̃1


p

ỹ
θ̃0
 (6.57)

= log
µΘ(θ̃1)µ

◦
Θ(θ̃0)

µ◦
Θ(θ̃1)µΘ(θ̃0)

. (6.58)

In the second case, the LLR follows from sum-product message passing
as

LLR , log
p(ỹ, θ̃1)

p(ỹ, θ̃0)
(6.59)

= log
µΘ(θ̃1)

µΘ(θ̃0)
. (6.60)

In the strictly conditional case the LLR can be written with the help of
Theorem 6.2b as

LLR = log
µΘ(θ̃1) γ

◦
Θ

γ◦Θ µΘ(θ̃0)
= log

µΘ(θ̃1)

µΘ(θ̃0)
. (6.61)
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The claim is proved by noting that, in Equations (6.58), (6.60) and (6.61),
any constant factor in µΘ and µ◦

Θ cancels.

Note that if we re-normalize the function represented by the graph as
suggested in (6.35), we implicitly throw away any prior information in
the model about θ. In a likelihood ratio test, such prior information can,
however, be reintroduced in the threshold [54,107]. More precisely, we
can formulate the following prior ratio about the hypotheses

p(H1)

p(H0)
=
p(θ̃1)

p(θ̃0)
=
µ◦
Θ(θ̃1)

µ◦
Θ(θ̃0)

, (6.62)

which is the missing factor between (6.60) and (6.58). Note that this
ratio does not depend on the observation ỹ and hence can be computed
offline.

Now we turn to three special cases of Theorem 6.3c which will be of
interest in later sections. For the following we recall the definition (6.6)
for the scaled messages ν:

νZ(z) , µZ(z)/γZ . (6.63)

Theorem 6.4: Three Log-Likelihood Ratios (LLRs)
Assume that a factor graph with edges X1, . . . ,XmX

, Y1, . . . ,YmY
, and

Θ represents a statistical model p(x,y |θ) or p(x,y,θ), where X ,
(X1, . . . ,XmX

) are hidden variables, Y , (Y1, . . . ,YmY
) are observable

variables, and θ is a parameter vector or also a hidden variable. Given
observations Y = ỹ we consider the following three binary hypothesis
testing problems:

a) H1 : θ ̸= 0 H0 : θ = 0 , (6.64)

b) H1 : θ = θ̃ H0 : θ = 0 , (6.65)

c) H1 : θ = θ̂ML , or θ = θ̂MAP H0 : θ = 0 , (6.66)

with corresponding LLRs log p(ỹ |H1)
p(ỹ |H0)

. In all but the re-normalized cases,

the LLRs can be written as

a) LLR = log


νΘ(θ) dθ , (6.67)

b) LLR = log νΘ(θ̃) , (6.68)

c) GLLR = logmax
θ

νΘ(θ) , (6.69)
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where, in the strictly conditional case, for (a) we have assumed a unin-
formative prior.

As a variation of the above theorem we state that, if the factor graph
represents a conditional PDF p(x,y |θ) then in both the re-normalized
case and the strictly conditional case the LLRs can be written as

a) LLR = log


νΘ(θ)

ν◦Θ(θ)
dθ , (6.70)

b) LLR = log
νΘ(θ̃)

ν◦Θ(θ̃)
, (6.71)

c) GLLR = logmax
θ

νΘ(θ)

ν◦Θ(θ)
, (6.72)

where for (a) we have assumed a uninformative prior and where, in the
strictly conditional case, ν◦Θ(θ) = 1 is a constant.

In Case (a), the hypothesis H1 can alternatively be formulated as θ being
arbitrary. More precisely, the LLR assumes an “uninformative prior”
PDF on θ under H1 [53]. For our purposes we make a definition of such
a prior that is only valid inside a LLR. In essence this is a prior PDF
whose variance tends to infinity. Since θ is a real-valued vector we take a
Gaussian PDF N


θ
0 ,W−1

Θ


and define the LLR in the re-normalized

and the strictly conditional case as

a) LLR , log lim
WΘ→0


p(ỹ |θ) N


θ
0 ,W−1

Θ


dθ

p(ỹ |0 ) N

0

0 ,W−1
Θ

 (6.73)

= log


p(ỹ |θ) dθ
p(ỹ |0 ) . (6.74)

The LLR in Case (c) with plugged-in ML estimate is known as the
generalized log-likelihood ratio (GLLR) [54].

Proof of Theorem 6.4 and Equations (6.70)–(6.72). We start with the
case in which the factor graph represents a joint PDF p(x,y,θ). In
the following we give the definitions of the likelihoods and we use the
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definition of sum-product messages and the definition (6.6) to derive

a)–c) p(ỹ |H0) , p(ỹ,θ = 0 ) = γΘ , (6.75)

a) p(ỹ |H1) ,

p(ỹ,θ) dθ = γΘ


νΘ(θ) dθ , (6.76)

b) p(ỹ |H1) , p(ỹ, θ̃) = γΘ νΘ(θ̃) , (6.77)

c) p(ỹ |H1) , max
θ

p(ỹ,θ) = γΘ max
θ

νΘ(θ) . (6.78)

Note that in Case (a) the LLR is defined by Equation (6.74), which
involves the uninformative prior. The LLRs in Equations (6.67)–(6.69)
follow straightforwardly.

Now we treat the case in which the factor graph represents a conditional
PDF p(x,y |θ). For this we use Theorem 6.2b to rewrite the likelihoods
for the re-normalized case.

b)–c) p(ỹ |0 ) , p(ỹ |θ = 0 ) = γΘ/γ
◦
Θ , (6.79)

a) p(ỹ |θ) = γΘ νΘ(θ)

γ◦Θ ν
◦
Θ(θ)

, (6.80)

b) p(ỹ |H1) , p

ỹ
θ̃

=
γΘ νΘ(θ̃)

γ◦Θ ν
◦
Θ(θ̃)

, (6.81)

c) p(ỹ |H1) , max
θ

p(ỹ |θ) = max
θ

γΘ νΘ(θ)

γ◦Θ ν
◦
Θ(θ)

. (6.82)

The LLRs in (6.70)–(6.72) follow straightforwardly. The strictly condi-
tional case of Equations (6.67)–(6.69) follows from noting that in this
case ν◦Θ(θ) = 1 for any θ.

6.3.4 The Gaussian Setting

While the findings in Sections 6.3.1–6.3.3 apply to general PDFs on
real-valued variables with infinite support, we now consider the special
case of Gaussian PDFs. First we mention that in the Gaussian case,
sum-product messages and max-product messages are proportional to
each other, and MAP estimation and MMSE (minimum mean squared
error) estimation coincide. Hence, any statements that have involved
max-product instead of sum-product messages need no special treatment
in the Gaussian case as long as the message scale factors do not matter.
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In this section, we walk through the same topics as in Sections 6.3.1–6.3.3.
We start with normalization factors and normalization functions, continue
with likelihoods and likelihood functions and finally give expressions for
certain LLRs.

Let p(z) be a multivariate Gaussian PDF that is represented by a fac-
tor graph with edges Z1, . . . ,Zm, where Z , (Z1, . . . ,Zm). The nor-
malization factor of Equation (6.25) can be formulated by means of
Equation (6.16) and Rule (II.5) as

ζ = −→γZk

←−γZk
/N


0

mZk
,W−1

Zk


, (6.83)

where we recall that mZk
and WZk

are parameters of the marginal on
edge Zk. Rule (III.3) allows us to alternatively formulate (6.25) in terms
of the β-type scale factor as

ζ =
−→
βZk

←−
βZk

N

0

−→mZk
−←−mZk

,
−→
VZk

+
←−
VZk


. (6.84)

In the case where a factor graph represents the conditional Gaussian
PDF p(z |θ) the normalization function (6.26) can be written as

ζ(θ) = γΘ e
−θT

WΘθ/2+θT
WΘmΘ , (6.85)

where we have made use of (6.13). Alternatively,

ζ(θ) = βΘ N

θ
mΘ,VΘ


. (6.86)

For a Gaussian factor graph with edges X1, . . . ,XmX
,Y1, . . . ,YmY

that
represents a statistical model with hidden variables X , (X1, . . . ,XmX

)
and observable variables Y , (Y1, . . . ,YmY

), the likelihood in Equa-
tion (6.39) can be reformulated in the style of (6.83) or (6.84) as

p(ỹ) =
−→γZ←−γZ N (0 |m◦

Z ,V
◦
Z)−→γ ◦

Z
←−γ ◦
Z N (0 |mZ ,VZ)

(6.87)

=

−→
βZ
←−
βZ N


0

−→mZ −←−mZ ,
−→
VZ +

←−
VZ



−→
β ◦
Z

←−
β ◦
Z N


0

−→m◦
Z −←−m◦

Z ,
−→
V◦

Z +
←−
V◦

Z

 , (6.88)

for any Z among all the edges.

If a statistical Gaussian model depends on a parameter vector θ then the
likelihood function in the re-normalized case can be written in the style
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of (6.85) or (6.86) as

p(ỹ |θ) = γΘ
γ◦Θ

e−θT(WΘ−W
◦
Θ)θ/2+θT(WΘmΘ−W

◦
Θm◦

Θ) (6.89)

=
βΘ N


0

mΘ,VΘ


N

θ
m,V



β◦
Θ N


0

m◦
Θ,V

◦
Θ


N

0

m,V
 , (6.90)

with

V ,

WΘ −W◦

Θ

−1
, (6.91)

m , V

WΘmΘ −W◦

Θm
◦
Θ


. (6.92)

In the strictly conditional case, i.e., if µ◦
Θ(θ) = γ◦Θ, then Equation (6.42)

applies and the likelihood function can be written in the Gaussian case
as

p(ỹ |θ) = γΘ
γ◦Θ

e−θT
WΘθ/2+θT

WΘmΘ , (6.93)

=
βΘ
γ◦Θ

N (θ |mΘ,VΘ) . (6.94)

We recall that β◦
Θ tends to infinity in this special case.

We have given all the results in this section as pairs of equations, one for
each scale factor type. Each result is only valid if the corresponding scale
factors are finite and in (the case of ratios) non-zero. Also, corresponding
matrices may have to be nonsingular. At least one equation in each pair
is, however, always valid, as long as the factor graph represents the PDF.

Finally, we give the Gaussian case of the LLRs in Theorem 6.4. We recall
the hypotheses

a) H1 : θ ̸= 0 H0 : θ = 0 , (6.95)

b) H1 : θ = θ̃ H0 : θ = 0 , (6.96)

c) H1 : θ = θ̂ML , or θ = θ̂MAP H0 : θ = 0 . (6.97)

The corresponding LLRs ln p(ỹ |H1)
p(ỹ |H0)

can be written in all but the re-

normalized cases as

a) LLR = mT
ΘWΘmΘ/2 +

1

2
ln

(2π)n

detWΘ
, (6.98)

b) LLR = θ̃TWΘmΘ − θ̃TWΘθ̃/2 , (6.99)

c) GLLR = mT
ΘWΘmΘ/2 , (6.100)
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and in the re-normalized and the strictly conditional case as

a) LLR = (WΘmΘ −W◦
Θm

◦
Θ)

T
(WΘ −W◦

Θ)
−1

(6.101)

· (WΘmΘ −W◦
Θm

◦
Θ)/2 +

1

2
ln

(2π)n

det

WΘ −W◦

Θ

 ,

b) LLR = θ̃T

WΘmΘ −W◦

Θm
◦
Θ


− θ̃T


WΘ −W◦

Θ


θ̃/2 , (6.102)

c) GLLR = (WΘmΘ −W◦
Θm

◦
Θ)

T
(WΘ −W◦

Θ)
−1

(6.103)

· (WΘmΘ −W◦
Θm

◦
Θ)/2 ,

where n is the dimensionality of θ. Note that in the strictly conditional
case W◦

Θ = 0.

It is interesting to observe that the LLR of Case (a) and the GLLR of
Case (c) are very similar. Since in Gaussian SSMs the only quantity
that usually depends on the observations ỹ is mΘ, such that the only
significant difference between Cases (a) and (c) is a constant offset.

The message parameters computed without plugging in observations
appear only in the re-normalized case. For a large class of models,
m◦

Θ = 0 such that the only distortion happens due to W◦
Θ ≠ 0. A

suitable chosen matrix norm may therefore yield a measure ∥W◦
Θ∥ of the

implied distortion.

Proof of (6.98)–(6.103). All the six LLRs follow from (6.67)–(6.72) the
first three of which belong to Theorem 6.4, by applying Equations (6.13)
and (6.16), which we repeat here for convenience:

νΘ(θ) = e−θT
WΘθ/2+θT

WΘmΘ , (6.104)


νΘ(θ) dθ =


(2π)n

detWΘ
em

T
ΘWΘmΘ/2 . (6.105)

For Case (c) we additionally note that

argmax
θ

νΘ(θ) = mΘ , (6.106)

and

argmax
θ

νΘ(θ)

ν◦Θ(θ)
= (WΘ −W◦

Θ)
−1

(WΘmΘ −W◦
Θm

◦
Θ) .
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f0
X0

fk
Xk−1

Yk = ỹk

Xk

fK
XK

Figure 6.3: A general state-space model (SSM).

6.4 A Family of Local Approximations

Direct implementation of likelihood computation as a in (6.39) may
be numerically unstable, because both the numerator as well as the
denominator easily tend to extreme values for large factor graphs. For
instance, the likelihood of any sequence ỹ1, . . . , ỹK under the model

Yk
iid∼ N (0, σ2) will decrease with increasing K as long as σ2 is large

enough.

In the following we formalize a method for computing a localized approx-
imation to the likelihood, which may be especially attractive for SSMs
of the general form as shown in Figure 6.3. We start by realizing that
all the update rules in Tables 6.2–6.4 have a multiplicative general form.
We conclude that in any SSM that is assembled from nodes appearing in
these tables the following recursion can be formulated:

log
−→
βXk

= αk + log
−→
βXk−1

, (6.107)

where αk is the logarithm of the factor corresponding to all the update
rules that have been applied to pass the scale factor from Xk−1 to Xk.
For example, assume that

fk(xk,yk,xk−1) = p(xk,yk |xk−1) (6.108)

is a conditional PDF. Then the update rule (I.3) tells us that αk =
log−→ppY (ỹk) where −→ppY (ỹk) is the prediction PDF evaluated at ỹk. A
similar recursion as in Equation (6.107) may be formulated for the γ-type
scale factors.

If the values
−→
βXk

in (6.107) tend to infinity or zero as k increases we

might want to compute a better behaved localized approximation
−→
β

Xk

thereof, which we define by the recursion

log
−→
β

Xk

= αk + γ log
−→
β

Xk−1

, (6.109)
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where γ is a forgetting factor with 0 ≤ γ ≤ 1, γ ≈ 1. Likewise an

approximation
←−
β

Xk−1

of
←−
βXk−1

can be defined by the recursion

log
←−
β

Xk−1

= αk−1 + γ log
←−
β

Xk

, (6.110)

and similar approximations can be considered for the γ-type scale factors.

Note that in the example of Equation (6.108) we have ζ = 1 and the
proposed approximation (6.109) is exactly equivalent with the “signal
class likelihood filter” in [64].

More generally, the approximations (6.109) and (6.110) can be applied
in forward and backward message passing for both the factor graph with
plugged-in observations and without. Then, in analogy to (6.39) the ratio

p

k(ỹ) , β


Xk
/β

◦
Xk

(6.111)

can be computed for every k.

When applying the procedure proposed by Equations (6.109)–(6.111),
we obtain a different value for every k instead of one single value (the
likelihood). Put differently, we implicitly have constructed a model family,
parametrized by k. Note that this model family is not the same as the
one proposed in Chapter 7.

Finally we remark that the concept of this proposed procedure is not
confined to approximating likelihoods (6.37). It may as well be applied
to likelihood functions, LLRs or other quantities related to scale factors
of sum-product messages.

6.5 Views on Parameter Selection

Assume that we have a statistical model p(x,y |u) or p(x,y,u), where
X are the hidden variables, Y are the observable variables, and u is a
parameter vector or another vector hidden variables. We are interested
in estimating some of the hidden variables given the observations Y = ỹ.
If we have no doubts about our model, then we may plug in the ML
estimate

ûML = argmax
u

p(ỹ |u) , (6.112)
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or the MAP estimate

ûMAP = argmax
u

p(u|ỹ) , (6.113)

in order to make an estimate of any of the hidden variables based on
p(x, ỹ |ûML) or p(x, ỹ, ûMAP) respectively.

We may however be in a situation where potentially (parts of) u and
possibly some of the connected hidden variables should be “switched
off”, i.e., set to a default value, e.g., to zero. Given the observation
Y = ỹ we would like select whether to use or not to use certain hidden
variables, thus potentially reducing the effective number of variables in
our model. In other words, we are not sure about our model and would
like to regularize it in a data-dependent way.

There exist many approaches to address such model selection problems
in general [5,96,100]. In this section we propose two variants of attacking
this problem locally in a factor graph. One variant is a Bayesian approach
with the idea introduce an (additional) prior PDF on u and estimate the
parameters of this prior from the data. In the literature this approach is
known as the “empirical Bayes method” [90]. Variations of this principle
can be taken into extremes (see, e.g., [80] and references therein), but
message passing might not be feasible anymore. In the other variant
we consider a binary hypothesis testing problem. Although in general
different, both variants coincide in special cases. In these cases, the
methods presented here are equivalent with a simple form of a “relevance
vector machine” [7, 104].

6.5.1 A Bayesian View

In the following we discuss an approach to regularize the model by
introducing (additional) prior information about u. In case our model
is p(x,y |u), i.e. if u is a parameter vector, we introduce a prior PDF
p(u|θ), where θ is a parameter of the prior PDF. Out statistical model
has now changed to

p(x,y,u|θ) = p(x,y |u) p(u|θ) . (6.114)

In case our model is p(x,y,u), i.e. if U is a vector of hidden variables, we
also introduce a prior PDF p(u|θ) but we change our statistical model to

p(x,y,u,θ) ∝ p(x,y,u) p(u|θ) . (6.115)
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N (0 , θ2In)

U

θ

Figure 6.4: Augmenting a variable by a Gaussian prior.

Now we can envisage making an ML or a MAP estimate of θ as

θ̂ML = argmax
θ

p(ỹ |θ) , (6.116)

or

θ̂MAP = argmax
θ

p(θ |ỹ) , (6.117)

and a corresponding estimate of U as

û = argmax
u

p

u
ỹ, θ̂


. (6.118)

Note that, if our statistical model is p(x,y,u,θ) then it might be more
correct to integrate over θ instead of plugging in the MAP estimate.

The approach sketched here can be viewed as a general principle: If our
model has many parameters or variables and we are not sure whether
over-fitting occurs, then we can augment the model by assuming an
(additional) prior PDF on the parameters or variables. The changed
model will lead to different (and maybe more appropriate) estimates.
Interestingly, the changed model, despite having an increased number of
variables, can lead to fewer variables actually being used.

We henceforth restrict the discussion to the Gaussian case. Specifically,
we consider a Gaussian factor graph that represents some statistical
model p(x,y |u) or p(x,y,u). Furthermore, we assume that U ∈ R

n

is represented by a single edge. Let us now change this graph (and
therewith the represented model) by introducing a factor

p(u|θ) , N

u
0 , θ2In


(6.119)

connected to this edge as depicted in Figure 6.4. For the variable U , this
factor is a prior PDF, parameterized by θ.
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First, note that in Section 2.5 such a factor has been named a regulariza-
tion factor, and θ2 is the regularization parameter. Concrete examples
have been described in Section 2.5 (Figure 2.5) or Section 3.3.4 (Fig-
ure 3.9). The problem at hand can therefore be viewed as an approach
to estimating the regularization parameter.

Second, note that estimation of θ2 amounts to variance estimation as
discussed in Section 4.5.1 with the sole difference that here we restrict the
covariance matrix to be a scaled identity matrix. Therefore, in principle,
the methods discussed there may be adapted to solve the problem at
hand. In reverse, methods proposed here may, in principle, be used to
estimate diagonal covariance matrices.

To characterize the solution to (6.116) and (6.117) in the setting of

Figure 6.4, we consider the eigenvalue decomposition of
←−
VU as

←−
VU = Q diag(λ)QT , λ , (λ1, . . . , λn) . (6.120)

In the above, λ1, . . . , λn are the eigenvalues of
←−
VU and Q contains the

eigenvectors. Furthermore we define

m , QT←−mU . (6.121)

With these definitions, in case our original model is p(x,y |u), the log-
likelihood function corresponding to (6.116) can be written as

ln p(ỹ |θ) ∝
n

i=1


− ln


λi + θ2


− m2

i

λi + θ2


+ const . (6.122)

In case our original model is p(x,y,u), the log-marginal corresponding
to (6.117) results in the same expression

ln p(θ |ỹ) = ln p(ỹ, θ) + const (6.123)

∝
n

i=1


− ln


λi + θ2


− m2

i

λi + θ2


+ const′ . (6.124)

up to an additive constant.

Proof of (6.122) and (6.124). In case our model is p(x,y,u|θ) we are in
a strictly conditional setting as defined in Section 6.3.1. Thus we can use
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Theorem 6.2b, Equation (6.43) to express the log-likelihood function as

ln p(ỹ |θ) = lnβU (θ)− lnβ◦
U (6.125)

∝ − ln det

←−
VU + θ2In


−←−mT

U


←−
VU + θ2In

−1
←−mU + const ,

(6.126)

where, in the second equality, we have used the update rule (III.3). Next
we note that using the eigenvalue decomposition (6.120) we can write

←−
VU + θ2In = Q diag(λ)QT + θ2QQT (6.127)

= Q diag

λ+ θ21


QT , (6.128)


←−
VU + θ2In

−1

= Q diag

λ+ θ21

−1
QT , (6.129)

det

←−
VU + θ2In


=

n

i=1


λi + θ2


. (6.130)

Plugging (6.129), (6.130), and the definition (6.121) into (6.125) the
log-likelihood function of Equation (6.122) follows straightforwardly.

In case our model is p(x,y,u, θ), we realize that we can write the marginal
as

p(ỹ, θ) = βU (θ)/β
◦
U .

In the case in which our original model is p(x,y,u), i.e., the augmented
model is p(x,y,u, θ), we can consider re-normalizing the model as defined
in Sectionsec:normFactAndFunc to a conditional PDF p(x,y,u|θ). In
this case, Equation (6.41) of Theorem 6.2b can be used in a similar way
as in the above proof to show that the log-likelihood function in this case
is

ln p(ỹ |θ) = 1

2

n

i=1


ln

λ◦i + θ2


+

m◦2
i

λ◦i + θ2
− ln


λi + θ2


− m2

i

λi + θ2


.

(6.131)

In general, maximizing the log-likelihood function (6.122) or (6.131) or
the log-marginal (6.124) is not feasible analytically if n > 1. In principle,
the iterative approaches detailed in Section 4.2 can be applied to approx-
imately solve this problem. In addition, we provide three alternatives
here, first for the general log-likelihood function of Equation (6.122):
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a) We can try to find the maximum of (6.122) by solving

n

i=1

θ(θ2 + λi −m2
i )

λi + θ2
2

!
= 0 (6.132)

numerically, e.g., by Newtons method. The solution θ = 0 to (6.132)
is a maximum if

n

i=1

m2
i − λi
λ2i

< 0 . (6.133)

b) We can plug in a fixed value θ̃ into the denominator of (6.132).
Using the definition

si ,

λi + θ̃2

−2
n

j=1


λj + θ̃2

2
, (6.134)

we can write the solution to (6.132) as

θ̂2 =

n
i=1 si


m2

n − λn


n
i=1 si

(6.135)

if this value is positive. Otherwise we may choose θ̂ = 0.

c) We can approximate the vector case (n > 1) by an average of scalar
cases as

θ̂ = argmax
θ

n

i=1


− ln


λi + θ2


− m2

i

λi + θ2


(6.136)

≈ 1

n

n

i=1

argmax
θi


− ln


λi + θ2i


− m2

i

λi + θ2i


. (6.137)

=
1

n

n

i=1

θ̂i , (6.138)

where

θ̂i =


m2

i − λi if m2
i > λi

0 otherwise.
(6.139)

The proof of the last two equations follows shortly.
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In the re-normalized case, for which the log-likelihood function is given
in (6.131), equivalent approaches can be followed resulting in similar
equations as Equations (6.132)–(6.137). (Equations (6.138) and (6.139)
have no equivalent in this case.)

In the scalar case (n = 1) there exists a simple analytic solution to

finding the maximum θ̂ML or θ̂MAP of (6.124) or (6.124) respectively.
The solution is given by

θ̂2 =


←−m2

U −←−σ 2
U if ←−m2

U > ←−σ 2
U ,

0 else,
(6.140)

û =





←−m2
U −←−σ 2

U
←−mU

if ←−m2
U > ←−σ 2

U ,

0 else,

(6.141)

where θ̂ is either an ML estimate or a MAP estimate.

Proof of (6.140) and (6.141). For the scalar case, Equation (6.132) trans-
lates to

θ

θ2 +←−σ 2

U −←−m2
U

 !
= 0 . (6.142)

We consider the case ←−σ 2
U > ←−m2

U . Assuming θ ̸= 0, Equation (6.142)
results in θ2 = ←−m2

U −←−σ 2
U < 0, which is a contradiction. Therefore the

only remaining solution is θ = 0. In the alternative case ←−σ 2
U ≤ ←−m2

U the
condition (6.133) for θ = 0 to be a maximum of (6.132) translates to
←−σ 2
U > ←−m2

U , which contradicts our assumption. Hence in this case we must
have θ2 = ←−m2

U −←−σ 2
U . The estimate û is zero for ←−σ 2

U ≥ ←−m2
U . For the case

←−σ 2
U < ←−m2

U the first case in (6.141) results directly from message update
rules by noting that −→σ 2

U = θ2 and −→µU = 0.

Note the discontinuous behavior in (6.140) and (6.141) that tells us in
which cases the variable U should be “switched off”. We conjecture
that this behavior carries over to the vector case (n > 1) for both log-
likelihood functions (6.122) and (6.131), because in the corresponding
derivative (6.132) and in the equivalent derivative in the re-normalized
case, θ = 0 is a tentative solution.

The soft version of this discontinuous behavior of (6.140) can be directly
observed in the expectation maximization (EM) update (4.76) for (scalar)
variance estimation: By focusing on the last term in the numerator and
in the denominator of (4.76), we see that ŝ decreases if ←−m2

Uk
−←−σ 2

Uk
< ŝold.



134 On Scale Factors and Likelihoods

6.5.2 A Hypothesis Testing View

Recall that our general objective is to decide based on fixed observations
Y = ỹ, whether to “switch off” the parameter u. In this section we
define this vague statement by adopting a binary hypothesis testing view
in which the hypotheses of interest are H1 : u ≠ 0 versus H0 : u = 0 of
Theorem 6.4a, or H1 : u = ûML versus H0 : u = 0 of Theorem 6.4c.

In contrast to the previous section we are not in a Bayesian setting now,
and hence there is no need to introduce a new parameter. Likewise, we
refrain from making an estimate (6.118) of u. Instead we first perform a
LLR test

LLR , ln
p(ỹ |H1)

p(ỹ |H0)

?

≷ ϑ (6.143)

and accept H1 if the threshold ϑ is exceeded. Then we select

û =


ûML or ûMAP if H1 is accepted,

0 otherwise,
(6.144)

where ûML applies if our model is a conditional PDF p(x,y |u) and ûMAP

applies if our model is a joint PDF p(x,y,u).

We recall that in the Gaussian case, the LLR and the GLLR as given
in (6.98) and (6.100) amount to

LLR = ←−mT
U

←−
WU
←−mU/2 + const . (6.145)

In the scalar case the corresponding LLR test is

←−m2
U/
←−σ 2
U

?

≷ ϑ′ (6.146)

where we have absorbed constant terms into the detection threshold ϑ′.
Surprisingly, the case distinction in (6.140) in the Bayesian view of the
previous section is the same as (6.146) with ϑ = 1.

We clearly see now that in the scalar case, ML estimation of the parameter
θ of the additional Gaussian prior (6.119) implicitly solves a detection
problem with a fixed threshold. Note that a fixed threshold does not
automatically imply a fixed false alarm probability.

In the vector case, however, the two approaches diverge. In contrast to
the analytic expression for the LLR in Equation (6.145), the log-likelihood
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function (6.122) or the log-marginal (6.124) of θ for the prior cannot be
maximized in closed form.

By using the eigenvalue decomposition (6.120) of
←−
VU and the defini-

tion (6.121) as in the previous section, the LLR test (6.101) and the
GLLR test (6.103) can be written as

n

i=1

m2
iλi

?

≷ ϑ . (6.147)

There does not seem to be any direct connection between the left-hand
side of this equation and expressions in the previous section.

We summarize the findings in the following remarks:

• Both, the Bayesian and the detection-based viewpoint allow us to
select which of the hidden variables to set to zero, dependent solely
on the values of the observations.

• In the scalar case, both are equivalent as long as we refrain from
re-normalizing the model. In the Bayesian model, however, the
corresponding detection threshold is blindly set to 1.

• In the vector case and in case we re-normalize a joint PDF, the two
methods are different. ML estimation in a Bayesian model is not
anymore feasible analytically in the vector case. On the other hand,
the test statistic for the detection problem can easily be computed.

• For an actual application of detection-based parameter selection
we are lacking a general method to compute the threshold for a
given false alarm probability. This issue will not be addressed in
this thesis.

Finally, we point towards two different generic ways of applying the
two parameter selection approaches to the general linear SSM of Equa-
tion (3.1), Figure 3.1:

a) Parameter selection can be applied to the input Uk of a SSM.
Specifically, we propose the model of Figure 6.5a, in which the
covariance matrix VUk

(θk) is parameterized by a vector Θk.

b) Parameter selection can be applied to the state vector Xk of a SSM.
Specifically, we propose the model of Figure 6.5b, in which we have
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=
Xk

Ck

+

N (0 ,VZk
)
Zk

Yk = ỹk

+
X ′

k

Bk

N

0 ,VUk

(θk)


Uk

Θk = θ̂k

Ak
Xk−1

(a)

=
Xk

Ck

+

N (0 ,VZk
)
Zk

Yk = ỹk

+
X ′

k

Bk

N (0 ,VUk
)

Uk

N

0 ,VRk

(θk)


Rk

Θk = θ̂k

Ak
Xk−1

(b)

Figure 6.5: Two potential applications of parameter selection.
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introduced a (distributed) regularization factor N

0 ,VRk

(θk)


whose covariance matrix is parameterized by a vector Θk. (Cf.
Section 2.5 for the notion of distributed regularization.)

In both applications an example parameterization of the covariance
matrix in terms of the parameter vector Θk could be block diagonal
VUk

= diag(θk) or VRk
= diag(θk). (As an alternative to assuming

structured covariance matrices, state-space splitting may be used.) In
both applications, we envisage estimation of the parameter vector Θk in
a ML sense (the Bayesian view) or by solving a detection problem (the
hypothesis testing view).

Clearly, for processing a whole block of observed data ỹ1, . . . , ỹK , the
joint estimate θ̂1, . . . , θ̂K cannot be obtained easily and we would have
to resort, e.g., to cyclic maximization (CM). For online processing, we
can consider estimating only ΘK for the currently last arrived data item
ỹK .

As a result we would expect sparse input estimates for Application (a) and
sparse state estimates for Application (b), where sparsity is understood in
both the dimension of the input or the state as well as in time. Apparently,
the application of a relevance vector machine [7] to the input of a SSM
also leads to sparse state estimates [52].

Application (a) is used in the third example in Section 6.5.3 in the
simplistic setting of a scalar SSM. An interesting example of Applica-
tion (b) would be an extension to the model for quasi-periodic signals
(cf. Section 4.4). In this extension we define

VRk
(θk) =




[θk]1I2 0 · · · 0

0 [θk]2I2 · · · 0

...
...

. . .
...

0 0 · · · [θk]MI2



, (6.148)

where we recall that M is the number of harmonics. In every time
step k we thus allow the model to “switch off” any of the harmonics.
As an alternative to the structure proposed in (6.148) we can envisage
state-space splitting as in Section 3.5.
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Figure 6.6: DC signal in noise.

6.5.3 Examples

In the following, We give three rather simple examples, all concerned
with estimating scalar quantities. Recall that in this case the Bayesian
approach has a direct connection with a binary hypothesis testing problem.
In all examples the global function of the factor graph is a conditional
PDF. Hence, the likelihood function of (6.122) applies.

DC (Direct Current) Signal in Noise

Consider the signal model

Yk = θ U ′ + Zk (6.149)

for k = 1, . . . ,K, where U ′ ∼ N (0, 1) and Z1, . . . , ZK
iid∼ N (0, σ2

Z). The
parameter θ is unknown. The factor graph of this model is shown in
Figure 6.6. Given observations Yk = ỹk the ML estimate of θ is

θ̂2ML =


ȳ2 − σ2

Z/K if ȳ2 > σ2
Z/K,

0 else,
(6.150)

ûMAP =


ȳ2 − σ2

Z/(Kȳ) if ȳ2 > σ2
Z/K,

0 else,
(6.151)

where

ȳ ,
1

K

K

k=1

ỹk . (6.152)
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N (0, 1)

×U ′
θ1

X0

(, U)
=

Xk−1

+×
N (0, 1)

=

Yk = ỹk

Xk XK

θ0

Figure 6.7: DC signal in noise with unknown variance.

Note that ȳ2 is the standard test statistic for the detection problem
with hypotheses u ≠ 0 versus u = 0 [54]. Equations (6.150) and (6.151)
follow directly from (6.140) and (6.141) by noting that ←−mU = ȳ and
←−σ 2
U = σ2

Z/K.

DC (Direct Current) Signal in Noise With Unknown Variance

Consider the signal

Yk = θ1 U
′ + θ0 Zk (6.153)

for k = 1, . . . ,K, where U ′ ∼ N (0, 1) and Z1, . . . , ZK
iid∼ N (0, 1). The

parameters θ , (θ0, θ1) are unknown. The factor graph of this model is
shown in Figure 6.7. Given observations Yk = ỹk the ML estimate of θ is

θ̂ML =






K(y̌2 − ȳ2)

K − 1
,


Kȳ2 − y̌2

K − 1


if
ȳ2

y̌2
>

1

K
,


y̌2, 0


else,

(6.154)

ûMAP =





Kȳ3 − ȳy̌2

Kȳ2
if
ȳ2

y̌2
>

1

K
0 else,

, (6.155)

where

y̌2 ,
1

K

K

k=1

ỹ2k , ȳ ,
1

K

K

k=1

ỹk . (6.156)



140 On Scale Factors and Likelihoods

γk

Xk−1 =
Xk

+

X ′
kN (0, σ2

Z)
Zk

Yk = ỹk

(a) Forgetting factor

+
Xk−1

N (0, σ2
k)

Uk

=
Xk

+

X ′
kN (0, σ2

Z)
Zk

Yk = ỹk

(b) Random walk

Figure 6.8: DC (direct current) value with relaxed constraints.

The term ȳ2/y̌2 is the standard test statistic for detecting a DC constant
in noise [54]. Equations (6.154) and (6.155) can be proved by expressing
the log-likelihood function analytically in terms of the messages on edge
U , taking the derivative and setting to zero.

Estimation of a Forgetting Factor

In the following we formulate an online algorithm for estimating a for-
getting factor in a scalar SSM. For simplicity we assume that the model
is a noisily observed DC constant. We relax the constant by means of
a time-varying forgetting factor γk. The resulting model is shown in
Figure 6.8a.

For online estimation we assume that the observed data ỹ1, ỹ2, . . . arrives
in a stream. Let K be the time index of our newly arrived data item
YK = ỹK . We recall that in the present online setting ←−µXK

(xK) = 1 is
neutral. Hence, our model of YK is

YK = X ′
K + ZK , (6.157)

where X ′
K ∼ −→µγK

Xk−1
is the message forward from the past with already

applied forgetting factors. We now ask, which forgetting factor does best
fit the new data item ỹK given all the past data.
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In [32], the following adaptive forgetting factor estimate is proposed:

γ̂′K =

 −→µYK
(ỹK)

−→µYK
(−→mYK

)

(1/ρ)

, (6.158)

where ρ ∈ R>0 is a parameter of the estimate and where −→µYK
is computed

without forgetting factor. In the present Gaussian setting we get

γ̂′K = exp


−(ỹK −−→mXK−1

)2

2ρ(−→σ 2
XK−1

+ σ2
Z)


. (6.159)

We contrast this method with a different approach. In this approach we
replace the forgetting factor γk by an equivalent state noise Uk ∼ N (0, σ2

k),
which results in the random walk model depicted in Figure 6.8b. For this
online scenario, this equivalence is established as

−→σ 2
X′

k
= −→σ 2

Xk−1
+ σ2

k = −→σ 2
Xk−1

/γk , (6.160)

γk =

−→σ 2
Xk−1

−→σ 2
Xk−1

+ σ2
k

. (6.161)

At time stepK we now do ML estimation of σ2
K and deduce the equivalent

forgetting factor estimate. Using (6.140), we formulate ←−µUK
as

←−σ 2
UK

= σ2
Z +−→σ 2

XK−1
, (6.162)

←−mUK
= ỹK −−→mXK−1

(6.163)

Now we can formulate the ML estimate σ̂2
K as

σ̂2
K =


ỹK−−→mXK−1

2−σ2
Z−−→σ 2

XK−1
if

ỹK−−→mXK−1

2
> σ2

Z+
−→σ 2
XK−1

,

0 else.

(6.164)

The corresponding ML estimate γ̂k is

γ̂K =





−→σ2
XK−1

(y−−→mXK−1
)2−σ2

Z

if (y −−→mXK−1
)2 − σ2

Z > −→σ 2
XK−1

,

1 else.
(6.165)

Figure 6.9 shows an example comparison between the adaptive forgetting
factor γ̂′K of Equation (6.159) and forgetting factor γ̂K as well as the
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Figure 6.9: Example for noise variance estimation and equivalent for-
getting factor estimation for −→σ 2

XK−1
= 1, −→mXK−1

= 0,

σ2
Z = 0.25.

equivalent noise variance estimate σ̂K as proposed in Equation (6.165).
Clearly in the likelihood-based estimates, there the case distinction
between the regime in which the variable UK is used (σ̂2

K > 0, γ̂K < 1)
and the regime in which the variable is not used (σ̂2

K = 0, γ̂K = 1) is
visible, while the simple estimate γ̂′K does not exhibit such behavior.



Chapter 7

Glue Factor

7.1 Introduction

In this chapter we propose a new paradigm for state-space based signal
processing, extending the ideas of [29, 64, 87]. Specifically, we do not
assume a single factor graph anymore, but instead a whole family of
graphs. Each member in this family takes the form of a factor graph
in state-space form, i.e., with state variables and observable variables
arranged along a time axis, but with one factor inserted at some position
into the state space: the glue factor. For each member of the family, the
glue factor is allowed to “sit” at a different position. Moreover, we allow
the glue factor to have parameters.

Switching dynamical systems, a closely related concept to our model
family, are a research topic with many applications [15, 36]. Usually, for
such systems, a hyper-parameter indicating which dynamical system is
active is assumed and Gaussianity is given up even for linear models. We
do not take this viewpoint here. Instead we stick to Gaussian models
but in return we consider likelihood computation for the purpose of ML
estimation and detection.

The modeling of piecewise smooth signals has been studied in wavelet-
based approaches, cf. e.g. [30]. In these approaches, however, there exists
no apparent underlying statistical model, and depending on the particular
choice of wavelets, the SSM view is lost or not possible.

We start this chapter in Section 7.2 by formally defining the model family
envisaged. The findings from the previous chapter are used to show
how the likelihood or the likelihood function given observations Y = ỹ

143
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can be computed for each member in the model family. We name this
procedure likelihood filtering and we work out the differences for offline
(block-based) processing and online processing.

Next, we consider ML estimation of the parameters of the model family.
In Section 7.3, we let the glue factor position be fixed and solely treat
ML estimation of the glue factor parameters or the formulation of LLRs
with respect to these parameters. We consider offline and online learning
scenarios for such parameters in a general setting. In Section 7.4 we
apply the glue factor view of parameter estimation in the context of
array processing [70–72,88]. Section 7.5 treats the important example of
modeling two-sided pulses with a sum of decaying sinusoids. Specifically,
we design a glue factor that ensures continuity and smoothness at the
glueing position.

While for ML estimation of glue factor parameters the message passing
scale factors can be neglected, this is in general not the case for ML
estimation of the time position of the glue factor. We start with this
topic in Section 7.6 by introducing a LLR based procedure. Subsequently,
special cases are identified in which scale factors can be neglected even
for this task. This section is concluded by touching upon the problem
of estimating several glue factors, and potential algorithms to solve an
approximation to this problem.

In Section 7.7 we take a look at a different scenario in which we do not
know beforehand, if a glue factor is present at all. We show how we
can solve this problem, at least in principle, by means of formulating a
statistical detection problem. The scenario once again changes if we want
to detect the presence of several glue factors. As before, we only solve an
approximation to this problem.

The offline and online algorithms for estimating a glue factor position
and for detecting the presence of a glue factor are illustrated by three
examples in Section 7.9, one on locating an additional input, one on
model change point estimation, and one on locating a sinusoidal pulse
for known or unknown pulse shape.

Finally, in Section 7.8 we sketch an online algorithm for detecting sparse
changes.
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fK+1
XB

K

fBk′

XB
k′

Y B
k′ = ỹk′

XB
k′−1XB

ℓ

gθ,ℓ
XA

ℓ
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XA

k

Y A
k = ỹk

XA
k−1

f0
XA

0

A B

Figure 7.1: General SSM factor graph with a glue factor.

7.2 General Concepts

7.2.1 A Family of Factor Graphs

In a state-space approach, the construction of a statistical model for
a given block of data ỹ , ỹ1, . . . , ỹK usually assumes a single model
repeated for each time step k = 1, . . . ,K. We break this traditional view
by introducing a whole family of models as depicted in Figure 7.1. In
this graph, two potentially different SSMs A and B are connected at
time ℓ by a factor labeled gθ,ℓ – the glue factor. This factor is allowed to
depend on its position ℓ on the time axis and on an additional parameter
or random variable (vector) θ. The slightly abusive notation gθ,ℓ is solely
used as a label in the factor graph, the actual factor is g(xA

ℓ ,x
B
ℓ ,θ, ℓ).

First, for fixed θ, Figure 7.1 describes a family of K + 1 factor graphs,
one for each glue factor position ℓ = 0, . . . ,K, all sharing the same
observations ỹk for k = 1, . . . ,K. Second, for a fixed glue factor position
ℓ, Figure 7.1 describes a family of factor graphs, parametrized by the
parameter θ. We combine the two views in the following definition of
the global function

f(x,y,θ, ℓ) , f0

xA
0




ℓ

k=1

fAk

xA
k ,y

A
k ,x

A
k−1



g

xA
ℓ ,x

B
ℓ ,θ, ℓ,



·


K

k′=ℓ+1

fBk′


xB
k′ ,yB

k′ ,xB
k′−1



fK+1


xB
K


,

(7.1)
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XB
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XB
k′XB
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XB

ℓ

θℓ

gθ,ℓ

XA
ℓ=

XA
kXA

k−1XA
0

+

N (0, σ2)

Y A
k = ỹk

+

N (0, σ2)

Y B
k′ = ỹk′
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Figure 7.2: Factor graph for Example 7.1: Two DC (direct current)
values are connected by a glue factor that models a jump.

where

X ,

XA,XB , XA ,


XA

0 , . . . ,X
A
ℓ


, XB ,


XB

ℓ , . . . ,X
B
K


,

Y ,

Y A,Y B , Y A ,


Y A
1 , . . . ,Y A

ℓ


, Y B ,


Y B
ℓ+1, . . . ,Y

B
K


.

In general θ can depend on ℓ, but we refrain from reflecting this in our
notation.

Before considering any likelihood-related computation, let us realize that
such a model family can yield useful message-passing algorithms. Indeed,
estimation of the states XA

ℓ , XB
ℓ or of any variable can be done by one

forward and one backward pass. We give a simple example to clarify this.

Example 7.1: Estimation of a DC (Direct Current) Jump
Consider the factor graph of Figure 7.2, in which a constant value XA

k

jumps by an amount of θℓ at time ℓ to a different constant value XB
k′ .

Given noisy observations ỹ1, . . . , ỹK of these constant values, estimation
of the difference θℓ for any ℓ can be done by forward message passing in
model A, backward message passing in model B, and computing θ̂ℓ =

←−mθℓ

in the glue factor for ℓ = 0, . . . ,K. ♦

More advanced usage of glue factor models incorporate the computation
of likelihood-related quantities. Before describing individual scenarios
in which such computations are needed, we recall some concepts from
Chapter 6 and apply these to the model family at hand. We start
by noting that the factor graph in Figure 7.1 represents either a joint
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PDF/PMF

p(x,y,θ, ℓ) = f(x,y,θ, ℓ)/ζ , (7.2)

where the normalization factor ζ is

ζ =
K

ℓ=0


f(x,y,θ, ℓ) dx dy dθ , (7.3)

or the factor graph represents a conditional PDF.

In this latter case we recall the distinction between the strictly conditional
case and the re-normalized case. By strictly conditional we mean that
we can write

p(x,y |θ, ℓ) = f(x,y,θ, ℓ)/ζθ,ℓ , (7.4)

where

ζθ,ℓ =


f(x,y,θ, ℓ) dx dy (7.5)

is a constant normalization factor that depends neither on θ nor on ℓ, i.e.,
in this case the function represented by the factor graph is proportional
to a conditional PDF.

In the re-normalized case there is no such constant of proportionality
and the factor graph actually represents a joint PDF/PMF as in (7.2).
We nevertheless can construct a conditional PDF by re-normalization as

p(x,y |θ, ℓ) = f(x,y,θ, ℓ)/ζ(θ, ℓ) , (7.6)

where

ζ(θ, ℓ) =


f(x,y,θ, ℓ) dx dy (7.7)

is a normalization function. This normalization function can be under-
stood as a scaled prior PDF/PMF on θ and ℓ.

In analogy to the above we can consider the strictly conditional and re-
normalized cases of a factor graph representing p(x,y,θ |ℓ) or p(x,y, ℓ|θ).
In general, the strictly conditional case does not apply for neither θ nor
ℓ and one can be tempted to use re-normalized versions. We emphasize
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that re-normalization discards any prior information in the model about
θ and/or ℓ. In many cases, however, it might be desirable to remove any
unwanted bias, at least for ℓ.

We recall that Theorem 6.1 allows us to compute normalization factors
and normalization functions in terms of messages in the factor graph.
Similarly, Theorem 6.2 establishes connections between likelihoods or
likelihood functions and messages. Based on these theorems, we can
write the various conditional marginals and likelihood functions for given
observations Y = ỹ.

In the following, Θℓ refers to an edge that represents θ within the glue
factor, when the glue factor sits at position ℓ. Similarly, Uℓ refers to
any edge in the factor graph of Figure 7.1, when the glue factor sits at
position ℓ. Also, we recall the notation (·)◦ relating to quantities that
are computed without plugging in any observations. These quantities
hence can be computed before any observations Y = ỹ are revealed.

In the joint case we can write

p(θ, ℓ|ỹ) = µΘℓ
(θ)/

K

j=0

βΘj
= βUℓ

(θ)/

K

j=0

βUj
. (7.8)

In all cases we can write

p(ỹ |θ, ℓ) = µΘℓ
(θ)/µ◦

Θℓ
(θ) = βUℓ

(θ)/β◦
Uℓ
(θ) , (7.9)

where µ◦
Θℓ
(θ) = γ◦Θℓ

in those cases that are strictly conditional with
respect to θ. Finally, for all cases that apply, we can write

p(ℓ|ỹ,θ) = µΘℓ
(θ)/

K

j=0

µΘj
(θ) = βUℓ

(θ)/

K

j=0

βUj
(θ) (7.10)

and

p(θ |ỹ, ℓ) = µΘℓ
(θ)/βΘℓ

= βUℓ
(θ)/βUℓ

. (7.11)

In the above βUℓ
(θ) is the β-type scale factor on edge Uℓ, when regarded

as a function of θ. We recall from Theorem 6.1 that the difference between
βUℓ

(θ) and βUℓ
is that for the former, θ is treated as a parameter of some

nodes and no integration over θ is done while for the latter, Θℓ is treated
as an edge in the factor graph. The proofs for Equations (7.8)–(7.11) are
in Appendix D.1.



7.2 General Concepts 149

If our model family does not feature a parameter or random variable
(vector) θ, then (7.8) and (7.9) simplify to

p(ℓ|ỹ) = βUℓ
/

K

j=0

βUj
, (7.12)

p(ỹ |ℓ) = βUℓ
/β◦

Uℓ
, (7.13)

where now, by definition, Θ is no longer an edge in the graph.

Finally, from Theorem 6.4, we recall ways to compute LLRs. Specifically,
we fix ℓ and consider the following binary hypothesis tests

a) H1 : θ ̸= 0 H0 : θ = 0 , (7.14)

b) H1 : θ = θ̃ H0 : θ = 0 , (7.15)

c) H1 : θ = θ̂ML or θ = θ̂MAP H0 : θ = 0 , (7.16)

where θ̂ML applies in the strictly conditional and the re-normalized cases
while θ̂MAP applies in the joint case. The corresponding LLRs are

a) LLRℓ = log


νΘℓ

(θ) dθ , (7.17)

b) LLRℓ = log νΘℓ
(θ̃) , (7.18)

c) GLLRℓ = logmax
θ

νΘℓ
(θ) , (7.19)

where we recall the definition (6.6) of ν as νΘℓ
(θ) = µΘℓ

(θ)/γΘℓ
.

7.2.2 Likelihood Filtering

A natural choice for Uℓ in Equations (7.8)–(7.11) is XA
ℓ , XB

ℓ in the factor
graph of Figure 7.1, or some edge internal to the glue factor. This choice
allows us to compute the conditional marginals or likelihood functions
in (7.8)–(7.11), or the LLRs in (7.17)–(7.19) by message passing on the
factor graph in Figure 7.1 as follows.

Offline Likelihood Computation:

a) Do forward (left-to-right) sum-product message passing in the factor
graph of model A, if necessary both with and without plugged in
observations.
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b) Do backward message (right-to-left) sum-product passing in the
factor graph of model B, if necessary both with and without plugged
in observations.

c) From −→µXA
ℓ
, −→µ◦

XA
ℓ

, ←−µXB
ℓ
, and ←−µ◦

XB
ℓ

compute any quantity related

to the conditional marginals or likelihood functions (7.8)–(7.11) or
the LLRs in (7.17)–(7.19).

Note that alternatively, the computation of −→µ◦
XA

ℓ

and ←−µ◦
XB

ℓ

can be done

offline, before any data is observed. Moreover, note that often these
quantities are not needed. Also, the scale factors of the messages can
often be neglected, specifically in situations that comply with the setting
in Theorem 6.3. In general, however, scale factors must be computed.

At first it seems that the computation of message scale factors can be
implemented by means of the prediction rule (I.3) for both forward
and the backward message passing. This is, however, only true if (a)
each factor fAk and fBk′ in Figure 7.1 is proportional to a conditional
PDF and if (b) all prediction messages −→µpY A

k
and −→µpY B

k′
are proper, i.e.,

integrable. In linear SSMs Condition (a) can be violated by including
distributed regularization (cf. Section 3.3.4) and Condition (b) is usually
not true if the factors f0 or fK+1 are neutral (∝ 1). The latter has
already been elaborated on in Section 6.2.3, and in this case, the update
rules (IV.2)–(IV.3) for composite blocks provide a solution.

For linear SSMs as in Figure 3.1 for both A and B, one might be tempted
to view Steps (a) and (b) of the above algorithm as Kalman smoothing.
In the traditional Kalman smoother, however, usually B = A and the
glue factor is a simple connection of the states. Moreover, we envisage
not only state estimation but also likelihood computation.

The filtering view of the offline likelihood computation procedure outlined
above is established by considering an online scenario, in which the data
to be analyzed is arriving in a stream. The output of this likelihood filter
is still any quantity related to the conditional marginals or likelihood
functions (7.8)–(7.11) or the LLRs in (7.17)–(7.19). But now, for each
newly arrived data item ỹK (or packet of items), the computation is
restricted to ℓ = K −D1, . . . ,K −D2, where K is the time index of the
currently last data item and the delay parameters D1, D2 ∈ N0, D1 ≤ D2

define a slice of past time indices thus identifying glue factor positions ℓ
of interest. The following filtering (or rather smoothing) message passing
algorithm in the factor graph of Figure 7.1 results.
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Online Likelihood Filtering:

a) Increment K and fetch the next data item ỹK .

b) Compute −→µXA
K−D2

and possibly −→µ◦
XA

K−D2

by doing forward (left-to-

right) message passing in the factor graph of model A.

c) Compute ←−µXB
k
and possibly ←−µ◦

XB
k

for k = K, . . . , (K −D1) by doing

backward (right-to-left) message passing in the factor graph of
model B.

d) From −→µXA
ℓ
, −→µ◦

XA
ℓ

, ←−µXB
ℓ
, and ←−µ◦

XB
ℓ

compute any quantity related

to the conditional marginals or likelihood functions (7.8)–(7.11) or
the LLRs in (7.17)–(7.19) for ℓ = K −D1, . . . ,K −D2.

Go to Step (a).

Note that for Step (d), the messages −→µXA
k

and −→µ◦
XA

k

for k = (K −
D1), . . . , (K − D2 − 1) are known from previous filtering steps. The
computation of −→µ◦

XA
K−D2

and ←−µ◦
XB

k

in Steps (b) and (c) can be done

beforehand if the models A and B are completely known. Moreover,−→µ◦
XA

K−D2

will converge to a steady-state message as K increases. Note

that if the models A and B are learned from the data it is in general
necessary to compute these quantities, since they depend on the models.

In contrast to the offline algorithm, likelihood filtering is formulated for
indefinitely continuing signals (ỹ1, ỹ2, . . .). In such a situation, actual
likelihoods, likelihood functions, or marginal PDFs are almost never
directly of interest since the values typically become very small over
time. The locally approximated likelihoods described in Section 6.4 may
provide more appealing alternatives.

An important special case arises if ℓ is fixed at ℓ = K, i.e., D1 = D2 = 0.
The filtering algorithm then performs forward message passing without
ever computing backward messages. This type of processing may be
particularly well suited for continuous-time analog implementations. In
[28, 29], this setting is used exclusively.

For most models A that factor into (potentially scaled) conditional
PDFs, the scale factors of the messages −→µXA

k
can be computed using the

prediction message rule (I.3). Improper prediction messages potentially
appear only for the very first steps and only if f0 is improper. In this
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latter case it may be feasible to make f0 proper without changing the
long-term behavior of the algorithm. This applies to a broad class of
models, and hence the prediction PDF plays an important role in the
literature [2, 50].

The proposed procedures can, in principle, be applied to any kind of
SSMs. In the linear Gaussian case, both forward and backward message
passing effectively are linear filters (cf. Sections 3.2.3 and 3.3.1). Compu-
tations related to conditional marginals, likelihood functions, or LLRs
are, however, usually nonlinear.

For both modelsA and B one can envisage the approximate decomposition
of the state space as detailed in Section 3.5. Such a decomposition may
bear significant practical relevance. Indeed, the communication systems
in [28,29] are based on this approximation.

7.2.3 Cases with Constant Normalization Factor

In the following we identify three special cases in which the normalization
function β◦

Uℓ
(θ) in (7.9) or β◦

Uℓ
in (7.13) is constant with respect to both

θ and ℓ, or ℓ alone. Earlier, we named these cases strictly conditional.

The three cases are defined by the factor graphs depicted in Figure 7.3.
In all three sub-figures we assume that the factors f0 and fK+1 are
(potentially scaled) PDFs, and that the factors fAk and fBk′ are (potentially
scaled) conditional PDFs in the sense of the arrows as explained in
Section 1.5.2. In particular, this is true if the factors fAk and fBk′ are
linear SSMs as in Figure 3.1, for some sub-figures of 7.3 time-reversed to
obey the directions of the arrows. We now go through the three special
cases of Figure 7.3.

In Figure 7.3a, we define the glue factor to be proportional to a conditional
PDF as

g(xA
ℓ ,x

B
ℓ ,θ, ℓ)

△∝ p

xA
ℓ ,x

B
ℓ

θ, ℓ

, (7.20)

or

g(xA
ℓ ,x

B
ℓ ,θ, ℓ)

△∝ p

xA
ℓ ,x

B
ℓ ,θ

ℓ

. (7.21)

In Figure 7.3b, we define the glue factor to be proportional to a conditional
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(a) The glue factor is a prior PDF.
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(b) The glue factor is a conditional PDF.

fK+1
XB

K

fBk′

XB
k′

Yk′ = ỹk′
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(c) The glue factor is a copula function.

Figure 7.3: Three cases in which β◦
Uℓ

is constant. The edge directions
indicate conditional PDFs as explained in Section 1.5.2.
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PDF as

g(xA
ℓ ,x

B
ℓ ,θ, ℓ)

△∝ p

xB
ℓ

xA
ℓ ,θ, ℓ


, (7.22)

or

g(xA
ℓ ,x

B
ℓ ,θ, ℓ)

△∝ p

xB
ℓ ,θ

xA
ℓ , ℓ

. (7.23)

Of course, we can alternatively consider a time-reversed variant of the
factor graph in Figure 7.3b.

In all the above cases Figures 7.3a and 7.3b, β◦
Uℓ
(θ) and β◦

Uℓ
are constant

with respect to ℓ. In the case of Equations (7.20) and (7.22), β◦
Uℓ
(θ) is

also constant with respect to θ. This follows directly from the chain rule
of probability.

Finally, in Figure 7.3c, the glue factor is assumed to be a copula function
[78] with an internal parameter θ. For our purposes we define that
gℓ(x

A
ℓ ,x

B
ℓ ,θ, ℓ) is a copula function for the factor graph in Figure 7.3c if

−→p ◦
XA

ℓ

(xA
ℓ )

−→p ◦
XB

ℓ

(xB
ℓ ) gℓ(x

A
ℓ ,x

B
ℓ ,θ, ℓ) ∝ p


xA
ℓ ,x

B
ℓ

θ, ℓ

, (7.24)

or

−→p ◦
XA

ℓ

(xA
ℓ )

−→p ◦
XB

ℓ

(xB
ℓ ) gℓ(x

A
ℓ ,x

B
ℓ ,θ, ℓ) ∝ p


xA
ℓ ,x

B
ℓ ,θ

ℓ

. (7.25)

It follows directly from this definition that β◦
Uℓ
(θ) and β◦

Uℓ
are constant

with respect to ℓ and β◦
Uℓ
(θ) is additionally constant with respect to θ

in the case of (7.24).

In general, none of these three cases applies. Recall that in (7.9) and (7.13)
we have proposed to re-normalize the function represented by the factor
graph, and at least for ℓ this may be a desirable strategy. The normaliza-
tion function ζ(θ, ℓ) = β◦

Uℓ
(θ) = β◦

Θℓ
(θ) or ζ(ℓ) = β◦

Uℓ
can, in principle,

be computed by message passing.

Alternatively, in certain cases, re-normalization can be accomplished by
a re-parameterization of the glue factor. As an example, the general
case of Figure 7.1 can be turned into the constant normalization case of
Figure 7.3b if f0 is proper (i.e. integrable), fK+1(x

B
K) ∝ 1, fAk and fBk′

are conditional PDFs, and if the glue factor g(xA
ℓ ,x

B
ℓ ,θ, ℓ) is proper with

respect to XA
ℓ and XB

ℓ . Then the original glue factor g(xA
ℓ ,x

B
ℓ ,θ, ℓ) can

be substituted by a re-parameterized glue factor

g′(xA
ℓ ,x

B
ℓ ,θ, ℓ)

△∝ g(xA
ℓ ,x

B
ℓ ,θ, ℓ)K

ℓ′=0


g(x,xB

ℓ′ ,θ
′, ℓ′) dx dθ′

, (7.26)



7.3 Glue Factors with Fixed Position 155

or

g′(xA
ℓ ,x

B
ℓ ,θ, ℓ)

△∝ g(xA
ℓ ,x

B
ℓ ,θ, ℓ)K

ℓ′=0


g(x,xB

ℓ′ ,θ, ℓ
′) dx

, (7.27)

which represents a conditional PDF as in (7.22) or (7.23) respectively.

In most cases, the original glue factor g does not depend on ℓ such
that (7.26) and (7.27) can be simplified to

g′(xA
ℓ ,x

B
ℓ ,θ, ℓ)

△∝ g(xA
ℓ ,x

B
ℓ ,θ, ℓ)

g(x,xB
ℓ ,θ

′, ℓ) dx dθ′ , (7.28)

and

g′(xA
ℓ ,x

B
ℓ ,θ, ℓ)

△∝ g(xA
ℓ ,x

B
ℓ ,θ, ℓ)

g(x,xB
ℓ ,θ, ℓ) dx

, (7.29)

respectively.

As a second example, we consider re-normalization of the general model
family in Figure 7.1 to the constant normalization case of Figure 7.3a.
First, for this case we must have f0(x

A
0 ) ∝ 1 and fK+1(x

B
K) ∝ 1. Next,

we must be able to re-parameterize every factor fAk into a (potentially
scaled) conditional PDF

f ′Ak (xA
k ,x

A
k−1,yk)

△∝ fAk (xA
k ,x

A
k−1,yk)

fAk (xA
k ,x,yk) dx

, (7.30)

i.e., we have to be able to reverse the direction of time in model A. For
linear SSMs that comply with Assumption 3.1, this is in general feasible.
Finally, the glue factor g must be proper with respect to XA

ℓ , XB
ℓ to

act as a prior PDF as in (7.20) or it must be additionally proper with
respect to θ to act as a prior PDF as in (7.21).

7.3 Glue Factors with Fixed Position

In this section we let the position ℓ of any glue factor be known or
otherwise fixed. With this setup, we elaborate on two topics. First, we
make some general considerations about learning glue factor parameters.
Second, we consider the usage of a likelihood filter to track several
hypotheses that differ only in the glue factor.
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We apply these general concepts to pulse modeling and array signal
processing.

7.3.1 Learning Glue Factor Parameters

Consider situations, in which a glue factor position (or the position of
several glue factors) is given, and from observed data we would like to
estimate a glue factor parameter (vector) θ. In principle, this topic is
not directly connected to likelihood computation for a model family, but
rather to the concept of a glue factor in general. We distinguish the
following three scenarios:

a) Given an observed signal Y = ỹ and a glue factor position ℓ, we
make an ML or a MAP estimate of θ by maximizing (7.9) or (7.11)
respectively.

b) Given M independently observed signals Y (m) = ỹ(m) for m =

1, . . . ,M , each with a glue factor g
(m)
θ positioned at ℓm and we

make a joint estimate of θ as

θ̂ML = argmax
θ

M

m=1

p

ỹ(m)

θ

, (7.31)

or

θ̂MAP = argmax
θ

M

m=1

p

θ
ỹ(m)


. (7.32)

c) We are given one signal Y = ỹ with M glue factor locations
ℓ1, . . . , ℓM (spaced sufficiently far apart). Strictly, such a situation
cannot be modeled accurately by one glue factor and two models A
and B. Nevertheless, we envisage estimating a common parameter
θ of all glue factors.

Scenario (a) requires no further explanation at this level of abstraction.
We have described this scenario in the simple model of Example 7.1 and
we will revisit it in Section 7.4 in a more complex context.

For Scenario (b) we can envisage the factor graph of Figure 7.4. In this
factor graph, the parameter for the m-th glue factor in the m-th signal
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ỹ
(m)
k′

g
(m)
θ

=

Θm

ỹ
(m)
k

Am Bm

Figure 7.4: Learning a glue factor parameter θ from several signals
ỹ(m).

is modeled by an edge Θm and all edges Θ1, . . . ,ΘM are connected by
equality nodes.

Since the graph in Figure 7.4 has no cycles, the estimation procedures
in Equation (7.31) or (7.32) can be done in the following way. First,
sum-product message passing is done in each of the M SSMs in order to
compute ←−µΘm

. Then, max-product message passing is done in the chain
of equalities (upper part of the factor graph) and the estimates (7.31)
or (7.32) are obtained by maximizing the max-marginal.

If the glue factors are such that a sum-product message ←−µΘm
cannot

easily be computed, then we may resort to the techniques described in
Chapter 4, i.e., to EM, CM, or to local Taylor approximation.

Finally, we elaborate on Scenario (c). A factor graph that conforms
to this scenario in the general case is shown in Figure 7.5, in which a
sequence of M +1 SSMs M0, . . . ,MM is concatenated by M glue factors

g
(1)
θ , . . . , g

(M)
θ all of which share the same parameter θ. In contrast to

Scenario (b) the factor graph in Figure 7.5 has cycles and hence, one
option is to consider iterative message-passing algorithms.

For signal processing applications and with regard to online algorithms,
simplified versions of this scenario may, however, be more relevant. Specif-
ically, let us assume that the glue factor positions are far enough apart

such that, locally, the signal can be modeled by one glue factor g
(m)
θ . In

other words, we suggest to substitute the factor graph of Figure 7.5 by
the one of Figure 7.4 with Am = Mm−1 and Bm = Mm.
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Figure 7.5: Learning a glue factor parameter θ from one signal.

Furthermore, when adopting this local view, we can even break the
continuity Am = Bm−1 in the sequence of models and, e.g., consider a
case in which Am = A and Bm = B for all m = 1, . . . ,M . We then have,
however, lost the generative form of the model in Figure 7.5. To clarify
this restricted version of the localized Scenario (c), we define an online
algorithm for estimating the glue factor parameter θ. In the following, let
D be a delay parameter that is smaller than the time distance between
glue factor positions. Also, let m be the currently last glue factor position.
The following algorithm is formulated with respect to Figure 7.5 in which
we substitute Mm−1 = A and Mm = B.

Online Glue Factor Parameter Learning for Known Glue Factor
Positions:

a) Increment m and fetch the next data items ỹℓm−1+D+1, . . . , ỹℓm+D.

b) Do forward message passing in the factor graph of model A, i.e.,
compute −→µXA

k
for k = ℓm−1 +D + 1, . . . , ℓm.

c) Do backward message passing in the factor graph of model B, i.e.,
compute ←−µXB

k′
for k′ = ℓm +D, . . . , ℓm.

d) From −→µXA
ℓm

and ←−µXB
ℓm

compute ←−µΘm
.

e) From −→µΘ′
m−1

and ←−µΘm
compute −→µΘ′

m
using max-product message

passing and make an estimate θ̂m = argmaxθ
−→µΘ′

m
(θ).

f) Go to Step (a).
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In Step (e), a forgetting factor may be used to track slow changes in the
parameter θ.

7.3.2 Tracking Several Hypotheses

The idea of the glue factor and likelihood filtering can be used to analyze
a signal with respect to several (or even a continuum of) hypotheses
simultaneously. We envisage a situation in which the models A and B in
our general model family of Figure 7.1 are fixed but for each hypothesis
of interest we may consider a different glue factor. For this section, we
restrict the setting to such hypotheses that are independent of the glue
factor position.

For any two hypotheses H1 : θ = θ̃1 and H2 : θ = θ̃2 and a given glue

factor position, an LLR log p(ỹ |H1)
p(ỹ |H2)

or log p(ỹ,H1)
p(ỹ,H2)

and a corresponding

LLR test can be devised. This scenario can be extended to multiple
hypothesis testing. Note that, since the hypotheses do not depend on
the models A and B, the message passing in Steps (a) and (b) in the
offline algorithm or in Steps (b) and (c) of the likelihood filter can be
done without specifying the hypothesis.

We recall that Theorem 6.4 tells us in detail how to compute three
commonly used (G)LLRs. Others that are more suited for communication
scenarios as, e.g., in [28, 29] can be devised.

7.4 Application to Array Processing

In this section we give an example application of estimating glue factor
parameters. Specifically, we formulate ML estimation and LLR computa-
tion for the detection of coupled sinusoids [88]. In contrast to the general
glue factor model of Figure 7.1 we now glue more than two SSMs, each
of second order.

7.4.1 Setup and Uncoupled Case

In a sensor array with J sensors, vector data ỹk ∈ R
J is recorded

in parallel, with the aim of finding some structure in the joint signal
ỹ , (ỹ1, . . . , ỹK) from all sensors. Consider J discrete-time sinusoidal
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Figure 7.6: Autonomous second-order state-space model (SSM) for the
j-th sinusoid.

signals

Y
(j)
k = αj cos(Ωk + ψj) + Z

(j)
k , (7.33)

for j = 1, . . . , J . All J signals have the same, known frequency Ω but

differ in amplitude αj and phase ψj . The Gaussian noises Z
(j)
k

iid∼ N (0, σ2
j )

are allowed to have differing noise variances σ2
j for j = 1, . . . , J .

ML estimation of the parameters of a single sinusoid from an observed

signal ỹ
(j)
k signal was treated in Example 2.3 and the case of several

uncoupled sinusoids is a straightforward extension. In the following
example, we assume that j = 1 in both Equation (7.33) and Figure 7.6
and we drop j from our notation.

Example 7.2: Log-Likelihood Ratios (LLR) and Generalized
Log-Likelihood Ratios (GLLR) for a Single Sinusoid
Consider a given signal ỹ1, . . . , ỹK for which we want to compute the
LLR with respect to the hypotheses H1 and H0, where H1 is the presence
of a sinusoid observed under additive white Gaussian noise and H0 is
the presence of noise only. We can model a sinusoid (7.33) by means of
the autonomous second-order SSM of Figure 7.6. The SSM is defined by
A , rotmΩ and c , [1, 0].

For the noise-only hypothesis H0 we can still employ the same SSM but
with fixed state XK = 0 . Now we note that the LLRs of interest are
covered in Theorem 6.4 in which we identify Θ , XK . For the Gaussian
case at hand:

a) The LLR for unknown phase and amplitude XK(= Θ) is given
in (6.98).
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b) The LLR for known fixed phase and amplitude XK = x̃K(= θ̃) is
given in (6.99).

c) The GLLR for plugged-in ML estimate XK = x̂K,ML = −→mXK
(=

mΘ) is given in (6.100).

With the analytic solution (3.48) for −→mXK
the connection with the

discrete Fourier transform (DFT) (or the discrete-time Fourier transform)
becomes evident. E.g., for DFT frequencies Ωn = 2πn/K we get in the
above cases (a) and (c)

LLR ∝ |y̆n| , (7.34)

where y̆0, . . . , y̆K−1 is the DFT of ỹ1, . . . , ỹK . This result is standard and
can be found in many textbooks [54]. ♦

Detection of J uncoupled sinusoids is a straightforward extension to
Example 7.2. In the following, we turn to the case in which the amplitudes
and phases of the sinusoids are coupled.

7.4.2 Estimation and Detection of Coupled Sinusoids

For coupled sinusoids of the form (7.33), we assume that the amplitudes
αj and phase shifts ψj are constrained by a parameter vector θ via some
mapping

Γ : θ →→

(α1, ψ1), . . . , (αJ , ψJ )


. (7.35)

In this thesis we will not give any explicit expression for Γ, since this is
largely application-dependent.

Consider, for example, the estimation of a seismic wave field measured
by a sensor array. In this example, θ may contain wave field parameters
such as wave type, velocity of propagation, angle of arrival, etc. In this
example, several waves with differing parameter vectors are assumed to
be present concurrently. The mapping Γ includes sensor characteristics
and positions. This setting is treated in more detail in [71, 72] for the
estimation and detection of Rayleigh wave and Love wave parameters
using triaxial vector-sensors.

The joint signal Y , (Y (1), . . . ,Y (J)), where Y (j) = (Y
(j)
1 , . . . , Y

(j)
K ) is

modeled by J SSMs, which are connected by a glue factor gθ at time
K as shown in Figure 7.7. Each SSM is an autonomous second-order
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Figure 7.7: A glue factor view for array processing.

model as in Figure 7.6 with A , rotmΩ, and c = [1, 0]. We recall that
the noise variance σ2

j in each such model is allowed to differ.

In the glue factor, the reference state

U , ρ0


cos(ΩK + φ0)

sin(ΩK + φ0)


(7.36)

contains the reference amplitude ρ0 and the reference phase φ0. The
matrices

Hj , ρj rotm(φj) , (7.37)

with ρj , ρ0/αj and φj , φ0 − ψj for j = 1, . . . , J thus model the
coupling between the signals. The matrices Hj depend on the parameter
vector θ via the mapping Γ. We refrain from reflecting this dependence
in our notation.

We note that the model at hand is strictly conditional with respect to
U but not with respect to θ. The former can be proved by noting that
←−
W◦

U = 0 for any nonsingular matrices H1, . . . ,HJ . To see the latter we
note that Rules (II.3) and (II.5) allow us to write

←−γ ◦
U =

J

j=1

−→γ ◦
X

(j)
K

|detHj |
=

J

j=1

1

|detHj |
, (7.38)
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where the second equality follows from Rules (II.2), (II.5), (II.3), and
by noting that detA = 1. The above quantity depends on θ via the
matrices Hj . In the present example, re-normalization is equivalent
with re-parameterization of the model by inverting Hj and reversing the

arrows of the edges X
(j)
k for all j. This re-parameterized version is used

in [71,88].

The log-likelihood function under re-normalization follows from (7.9) and
in our Gaussian case at hand from (6.93) as

ln p(ỹ |u,θ) = ln
←−µU (u)
←−γ ◦
U

(7.39)

= ln
←−γU
←−γ ◦
U

− uT←−WUu/2 + uT←−WU
←−mU , (7.40)

with

←−γU =

J

j=1

−→γ
X

(j)
K

|detHj |
(7.41)

←−
WU =

J

j=1

H−T
j

−→
W

X
(j)
K

H−1
j , (7.42)

←−
WU
←−mU =

J

j=1

H−T
j

−→
W

X
(j)
K

, (7.43)

where H1, . . . ,HJ depend implicitly on θ via the mapping (7.35). The
dependency of ←−γU on θ cancels with the dependency of ←−γ ◦

U on θ such
that (7.40) simplifies to

ln p(ỹ |u,θ) =
J

j=1

ln−→γ
X

(j)
K

− uT←−WUu/2 + uT←−WU
←−mU , (7.44)

where the scale factors −→γ
X

(j)
K

do not depend on θ.

The objective of the present application is to estimate the wave field
parameters in θ and the reference amplitude and reference phase in U .
The ML estimate of the latter simply is

ûML = ←−mU . (7.45)
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Plugging in (7.45) into the log-likelihood function of (7.44) we get the
partially maximized log-likelihood function

ln p(ỹ |ûML,θ) =
←−mT

U

←−
WU
←−mU/2 +

J

j=1

ln−→γ
X

(j)
K

. (7.46)

In [71,72] the remaining maximization to find θ̂ML is done by exhaustive
search. Let us emphasize that with this approach we can formulate the
log-likelihood function of any wave type. The state-space model serves
only to assemble a sufficient statistic in the form of the messages −→µ

X
(j)
K

,

while the wave type is specified in the glue factor only.

For the purpose of detection we observe that the cases of interest conform
with Cases (a) and (c) of Theorem 6.4. For the LLR in Case (a), we
consider the signal and noise hypotheses

H1 : u ̸= 0 (7.47)

H0 : u = 0 . (7.48)

Note that since the SSMs are autonomous, the noise hypothesis can
indeed be formulated as in (7.48). For the GLLR in Case (c), the signal
hypothesis changes to

H1 : u = ûML . (7.49)

The corresponding LLR and GLLR are given in Equation (6.98) and
Equation (6.100) respectively, which we repeat here to avoid notational
confusion as

a) LLR = ←−mT
U

←−
WU
←−mU/2 +

1

2
ln

(2π)n

det
←−
WU

, (7.50)

c) GLLR = ←−mT
U

←−
WU
←−mU/2 , (7.51)

respectively.

7.4.3 Noise Variance Estimation

We consider a setting in which the noise variances σ2
j for j = 1, . . . , J are

unknown and must be estimated from the observations. This applies for
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both hypotheses H1 and H0 separately. We collect the noise variances in
a parameter vector

η , (σ2
1 , . . . , σ

2
J) , (7.52)

and we let η̂
(1)
ML and η̂

(0)
ML be the ML estimates under the hypotheses H1

and H0 respectively. The target GLLR can now be written as

GLLR = ln
p

ỹ
ûML, θ̂ML, η̂

(1)
ML,H1



p

ỹ
η̂(0)

ML,H0

 . (7.53)

In our notation we let σ̂2
1,j and σ̂2

0,j for j = 1, . . . , J be estimates of σ2
j

under the hypotheses H1 and H0 respectively.

For the noise hypothesis H0, the ML estimate of the noise variance in
the j-th signal is the signal power

σ̂2
0,j = ξ2j ,

1

K

K

k=1


ỹ
(j)
k

2
. (7.54)

The log-likelihood can thus be written as

ln p

ỹ
η̂(0)

ML,H0


= ln←−γU/←−γ ◦

U (7.55)

= −K
2

J

j=1

ln(2πeξ2j ) , (7.56)

where we have used the relation (6.19) between the γ-type scale factor
and the signal energy for autonomous models (cf. Example 6.1).

For the signal hypothesis H1 we should ideally maximize over both (u,θ)
and η jointly. Since this cannot be done easily, we propose to use CM by
alternating between

η̂(1) = argmax
η(1)

p

ỹ
û, θ̂,η(1),H1


, (7.57)

and

(û, θ̂) = argmax
u,θ

p

ỹ
u,θ, η̂(1),H1


. (7.58)

The estimation in (7.58) was treated in Section 7.4.2 and hence we focus
on (7.57).
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As an initial estimate η̂(1) we propose to assume that the signals are
decoupled, i.e., that the glue factor is not present. In this case, the ML
estimate is the residual noise power

σ̂2
1,j =

1

K

K

k=1


ỹ
(ℓ)
k − cAk−K−→m

X
(j)
K

2
. (7.59)

Once we have û and θ̂ we propose to use a joint estimate

σ̂2
1,j =

1

K

K

k=1


ỹ
(ℓ)
k − cAk−KĤ−1

j û
2
. (7.60)

In the above, note that Ĥ−1
j û is an estimate of X

(j)
K for which we have

plugged θ̂ into the matrices Hj and for which both θ̂ and û = ←−mU have
been computed with the previously assigned noise variance estimates for
hypothesis H1.

Once the algorithm has converged, the resulting û and θ̂ induce a signal
estimate

ŷ
(j)
k = cAk−KĤ−1

j û , (7.61)

and a corresponding noise variance estimate

σ̂2
1,j =

1

K

K

k=1


ỹ
(j)
k − ŷ

(j)
k

2
. (7.62)

Hence, the log-likelihood can be written as

ln p

ỹ
û, θ̂, η̂(1),H1


= −

J

j=1

K

k=1


1

2
ln(2πσ̂2

1,j) +


ỹ
(j)
k − ŷ

(j)
k

2

2σ̂2
1,j



= −
J

j=1


K

2
ln(2πσ̂2

1,j) +

K

k=1


ỹ
(j)
k − ŷ

(j)
k

2

2σ̂2
1,j



= −K
2

J

j=1

ln(2πeσ̂2
1,j) . (7.63)

Alternatively, we can compute the likelihood via scale factors from (7.46)
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as

ln p

ỹ
û, θ̂, η̂(1),H1


= ←−mT

U

←−
WU
←−mU/2

− K

2

J

j=1


ln(2πσ̂2

1,j) +
ξ2j
σ̂2
1,j


,

(7.64)

where we have made use of (6.19) from Example 6.1. From (7.56)
and (7.63) or (7.64) we can write the GLLR in (7.53) as

GLLR =
K

2

J

j=1

ln
ξ2j
σ̂2
1,j

, (7.65)

or

GLLR = ←−mT
U

←−
WU
←−mU/2−

K

2

J

j=1


ξ2j − σ̂2

1,j

σ̂2
1,j

− ln
ξ2j
σ̂2
1,j


. (7.66)

As a side remark, let us note that the last term in brackets is a differential
entropy and hence nonnegative. Therefore the present GLLR cannot
exceed the GLLR of (7.51).

If we have very long signals, then we might want to avoid the direct
computation of σ̂2

1,j as in (7.59) and (7.60). We propose to approximate
the initial estimate by

σ̂2
1,j ≈ ξ2j −−→mT

X
(j)
K

−→m
X

(j)
K

/2 , (7.67)

and the joint estimate by

σ̂2
1,j ≈ ξ2j − ûTĤ−T

j Ĥ−1
j û , (7.68)

where we recall that the matrices Ĥj are computed with plugged-in θ̂.

With these approximations, message passing in the autonomous SSMs

needs to be done only once and the quantities −→m
X

(j)
K

,
−→
W

X
(j)
K

, and ξ2j for

j = 1, . . . , J suffice to perform CM as in (7.57) and (7.58). To see this,
note that −→m

X
(j)
K

does not depend on any chosen noise variance σ2
j , and

−→
W

X
(j)
K

depends linearly on σ−2
j as detailed in Equation (3.45).
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7.4.4 Extension to Wave Superposition

In the example of seismic wave fields [71,72], several waves of different
type and with differing parameters but same frequency Ω may be present
simultaneously. In this case, the signal model (7.33) changes to

Y
(j)
k =

M

m=1


α
(m)
j cos


Ωk + ψ

(m)
j


+ Z

(j)
k , (7.69)

where M is the number of waves. The m-th wave is described by a

parameter vector θm and gives rise to amplitudes α
(m)
j and phase shifts

ψ
(m)
j for j = 1, . . . , J via M mappings

Γm : θm →

α
(m)
1 , ψ

(m)
1


, . . . ,


α
(m)
J , ψ

(m)
J


(7.70)

for m = 1, . . . ,M .

We collect the parameters in a vector θ , (θ1, . . . ,θM ). It is straight-
forward to model all waves simultaneously by extending the reference
state (7.36) to

UT ,

UT

1 , . . . ,U
T
M


, Um , ρ

(m)
0


cos


ΩK + φ

(m)
0



sin

ΩK + φ

(m)
0




 (7.71)

for m = 1, . . . ,M , where ρ
(m)
0 and φ

(m)
0 are the reference amplitude and

phase of the m-th wave. Analogously, we have to extend (7.37) to

Hj ,

H

(1)
j , . . . ,H

(M)
j


, H

(m)
j , ρ

(m)
j rotm(φ

(m)
j ) , (7.72)

where ρ
(m)
j , ρ

(m)
0 /α

(m)
j and φ

(m)
j , φ

(m)
0 − ψ

(m)
j for m = 1, . . . ,M .

The partially maximized log-likelihood function is still given by (7.46)
with given definitions in (7.71) and (7.72). The space over which to max-
imize has, however, increased approximately M fold. In the example of
seismic waves estimation, exhaustive search over this increased parameter
space is not feasible anymore.

As an alternative we propose an iterative algorithm based on CM. To
this end, we formulate the glue factor of Figure 7.8a, in which the factor
gθm contains the glue factor for the m-th wave as depicted in Figure 7.8b.
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+
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(1)
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+
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(J)
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(m)
1
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(1)
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(m)
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S
(J)
m

gθm
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Figure 7.8: Glue factor for wave superposition based on cyclic maxi-
mization (CM) – an example for M = 2. The details of gθ1
and gθ2 in (a) are given in (b) for m = 1, 2.

In this latter figure note the definition of the edges S
(j)
m for j = 1, . . . , J

and m = 1, . . . ,M .

CM can be applied to the addition nodes in this glue factor as follows.
Assume that we have some initial estimate θ̂. We pick some m ∈
{1, . . . ,M} and update the estimate of θm while keeping fixed {θq =

θ̂q}q∈{1,...,M}\{m}, i.e., we fix S
(j)
q = ŝ

(j)
q for all j = 1, . . . , J and for all

q ∈ {1, . . . ,M} \ {m}. The resulting log-likelihood function with respect
to θm is analogous to (7.46) given by

ln p(ỹ |ûML,θm) = ←−mT
Um

←−
WUm

←−mUm
/2 + const . (7.73)

To apply this algorithm we propose the following greedy-type procedure.
Initially, set M = 1 and use the glue factor of Figure 7.7 to find θ̂1. Then
repeatedly do the following. Increment M and use CM in the glue factor
of Figure 7.8a starting with m =M to find θ̂M , and iterate finding θ̂m
for m ∈ {1, . . . ,M} until convergence.

The outlined procedure can be stopped, e.g., by assuming an upper limit
for M , or by incorporating a model complexity term, e.g., the Bayesian
information criterion [96]. The former is used in [71] and the latter is
used in [72].
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7.5 Pulse Modeling with Sinusoids

In this section we consider modeling a pulse in two parts, one decaying
towards the past and one decaying towards the future. Both parts consist
of sum of exponentially decaying sinusoids. We show how we can devise
a glue factor to ensure smoothness of the pulse at the glueing position.
Different re-parameterizations of this glue factor can serve the different
purposes of generating pulses, learning pulse shapes, and locating a pulse.

7.5.1 Pulse Model

Recall that a one-sided superposition of sinusoids can be modeled as in
Example 3.1 by an autonomous system with system matrices as given
in (3.13) and (3.14). Here, we consider modeling pulses by gluing two
such one-sided pulses by means of a glue factor.

Note that a separate treatment of the two sides results in general in
discontinuities at the gluing position. We therefore propose to design a
glue factor that ensures equality of the first N time-derivatives (including
the 0-th) of the left and the right side of the pulse at the gluing position.

From Example 3.1, we recall the sum of M exponentially decaying
sinusoids

s(t) =

M

m=1

Re ξm(t) , (7.74)

where

ξm(t) , eαmt+i(ωmt+φm) . (7.75)

The n-th time-derivative of s(t) is

n

s (t) =

M

m=1

Re
n

ξm(t) (7.76)

=

M

m=1

Re

(αm + iωm)n eαmt+i(ωmt+φm)


. (7.77)

For any n ∈ N the term (αm + iωm)
n
can be expanded into a real term



7.5 Pulse Modeling with Sinusoids 171

a
(n)
m and an imaginary term b

(n)
m as follows:

(αm + iωm)
n
=

n

j=0


n

j


αn−j
m (iωm)

j
(7.78)

= a(n)m + ib(n)m , (7.79)

with

a(n)m ,


j∈E
(−1)j/2


n

j


αn−j
m ωj

m , (7.80)

b(n)m ,


j∈O
(−1)(j−1)/2


n

j


αn−j
m ωj

m , (7.81)

where E and O form a partition of the set {0, . . . , n} into even and odd
integers respectively. We hence can write

n

s (t) =

M

m=1

Re

a(n)m + ib(n)m


ξm(t)


(7.82)

=

M

m=1

a(n)m Re

ξm(t)


− b(n)m Im


ξm(t)


, (7.83)

n

s (tℓ) = h(n)Xℓ , (7.84)

where

h(n) ,

a
(n)
1 ,−b(n)1 , · · · , a(n)M ,−b(n)M


. (7.85)

For example, in the case n = 1 we have am = αm, bm = ωm and hence
h(1) = [α1,−ω1, . . . , αM ,−ωM ].

Now we formulate the complete model in Figure 7.1 by defining each
factor. The factors f0(x

A
0 ) = 1 and fK+1(x

B
K) = 1 are neutral. For the

models A and B we recall the uniform sampling equivalent to Example 3.1
in which we have modeled exponentially decaying sinusoids. Specifically,
each factor fMk contains an autonomous SSM as in Figure 7.9 with

AM ,




ρM1 rotmΩM
1 · · · 0

...
. . .

...

0 · · · ρMM rotmΩM
M


 , (7.86)

c ,

1, 0, · · · , 1, 0


, (7.87)
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=
XM

k

c

+

N (0, σ2
M)

YM
k = ỹk

AM
XM

k−1

Figure 7.9: Autonomous state-space model (SSM) for models M = A
or M = B.

where ρMm , eα
M
m , ΩM

m , ωM
m T for m = 1, . . . ,MM and for each model

M = A and M = B, where T is the sampling interval. This model can
be generalized to the non-uniform sampling setting of Example 3.1, but
we refrain from doing so.

Note, that the two systems A and B have different parameters, i.e.,
frequencies ωM

m , decay-factors αM
m , and system order MM for M = A,B.

Specifically, we must have αA
m > 0, since in A we model increasing

sinusoids. Likewise we must have αB
m < 0 because in B we model

decreasing sinusoids.

Finally, the glue factor is defined by Figure 7.10a, where

HM ,




c

h
(1)
M
...

h
(N)
M



, (7.88)

with h
(n)
M constructed as in (7.85) for M = A,B.

7.5.2 Different Glue Factor Parameterizations

Although both fAk and fBk′ are conditional PDFs, the defined model does
not comply with any of the strictly conditional cases in Figure 7.3 (cf.
Section 7.2.3). In the present case, re-normalization can be accomplished
easily by glue factor re-parameterization as explained in Section 7.2.3.
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Figure 7.10: Glue factors for two-sided sinusoidal pulses.

In the following we use this technique to construct two cases of constant
normalization.

We start with the target parameterization of 7.3b. First, we assume that
fK+1(x

B
K) ∝ 1 and that f0 is a (potentially scaled) PDF; in our example,

the steady-state message may be a good candidate for the latter. Second,
note that the glue factor does not depend on ℓ and hence (7.29) can be
applied.

In the present case, the re-parameterization can, however, be accom-
plished by using [65, Table 5] to reverse the matrix multiplication by

HB. The resulting glue factor is shown in 7.10b, in which H#
B is the

pseudo-inverse of HB and GT
B is the kernel (nullspace) of HB. The glue
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factor g′ indeed is a conditional PDF

g′(xA
ℓ ,x

B
ℓ , sB, ℓ) = p


xB
ℓ

xA
ℓ , sB


, (7.89)

which can be verified by inspection since the edge directions indicate
conditional PDFs as explained in Section 1.5.2. By identifying θ = sB
we have established the model parameterization of Figure 7.3b. Note
that the substitution of g by g′ does change the normalization factor.
This change has, however, exactly the same effect as re-normalization.

The parameterization of Figure 7.10b is especially well suited for pulse
position estimation as we shall see in Section 7.6.2, Example 7.6, and we
will show simulated examples in Section 7.9.

Our second target parameterization is the one shown in Figure 7.3a. The
re-parameterization is only feasible if f0(x

A
0 ) ∝ 1 and fK−1(x

B
K) ∝ 1.

First, the autonomous SSM of Figure 7.9 for M = A is reversed in time
which can easily be done since AA is invertible. Second, we substitute
the glue factor of Figure 7.10a by the one in Figure 7.10c, in which H#

M
is the pseudo-inverse of HM and GT

M is the kernel (nullspace) of HM
for M = A,B. Both alterations change the normalization factor thus
achieving the targeted re-normalization. The glue factor now is in the
form of a conditional PDF

g′′(xA
ℓ ,x

B
ℓ , sA, sB,u, ℓ) = p


xA
ℓ ,x

B
ℓ

sA, sB,u

, (7.90)

where we associate

θ = (sA, sB ,u) . (7.91)

The glue factor of Figure 7.10c is especially attractive for the generation
of a pulse. Specifically, any assignment of θ completely defines a pulse.
Note that the dimensionality of θ as defined in (7.91) depends on the
number N of derivatives to equate for the two sides of the pulse as

dimθ = nA
X + nB

X − 2N , (7.92)

where nMX is the dimensionality of the state in model M = A,B.
Figure 7.11 shows 10 example pulses that were generated by setting SA,
SB, and U randomly and normalizing the pulse to unit energy. The
model parameters used are listed in Table 7.1.

This second re-parameterization of the glue factor (Figure 7.10c) may also
be useful for estimating the pulse shape because the latter is defined by θ.
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ℓ

k

Figure 7.11: 10 examples of unit-energy pulses positioned at ℓ for the
two-sided system with parameters given in Table 7.1.

Parameters for model A Value

MA Number of sinusoids 4
ωA Frequencies [0.2, 0.299, 0.447, 0.669]π
αA Decay factors [0.8, 0.5769, 0.4160, 0.3]

Parameters for model B
MB Number of sinusoids 3
ωB Frequencies [0.25, 0.397, 0.630]π
αB Decay factors [-0.7, -0.75, -0.8]

N Number of derivatives 4
T Sampling interval 0.2

Table 7.1: Model parameters for two-sided pulses in Figure 7.11.

In principle, one can envisage all three learning scenarios in Section 7.3.1.
Most notably, Scenario (c) for online learning is feasible although we
always must have different SSM parameters for A and B. Furthermore, a
combination of an online learning scenario and a pulse detection scenario
(cf. Section 7.8) can be considered.

As an alternative to the two-sided model for pulses we can envisage a
one sided model, a sum of exponentially decreasing sinusoids towards
the past. This setting is well suited for likelihood filtering with forward
message passing only, i.e., with D1 = D2 = 0. This setting is used
in [28, 29] throughout. Also in this setting, we may want to set some
derivatives at the ending location of the pulse to zero. The two versions
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Figure 7.12: Glue factors for one-sided sinusoidal pulses.

of glue factors that accomplish this are shown in Figure 7.12. Equivalent
remarks concerning learning and detection as for two-sided pulses apply
to this case too.

7.6 Estimating Glue Factor Positions

In this section we consider estimation of the glue factor position ℓ from
observed data. Strictly speaking this makes only sense for a finite block of
data. An online algorithm that solves a related problem for an indefinitely
extended stream of data is presented in Section 7.7. Throughout this
section, we usually assume that the glue factor does not depend on
any parameter θ. Extensions to include such parameters are, however,
feasible.

In this section, we start by elaborating on principles of ML estimation of
the glue factor position. Next, we identify cases in which the normalization
factor ζℓ(θ) does not depend on ℓ. A straightforward generalization to
MAP estimation of a model-change position is presented. Finally, we
sketch an approximate method for estimating the time positions of several
glue factors.

7.6.1 Principles

Given a block of data ỹ , (ỹ1, . . . , ỹK) we consider ML estimation of ℓ in
the model family of Figure 7.1. The likelihood function in Equation (7.13)

allows us to compute ℓ̂ML in Step (c) in the “offline likelihood computation”
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algorithm in Section 7.2.2 as

ℓ̂ML = argmax
ℓ∈{0,...,K}

p(ỹ |ℓ) (7.93)

= argmax
ℓ∈{0,...,K}

βUℓ
/β◦

Uℓ
, (7.94)

where we recall that Uℓ is either X
A
ℓ , XB

ℓ , or any edge within the glue
factor. We realize that, in general, we have to abide with scale factor
computation. As mentioned in Section 6.4, message scale factors can
quickly tend to extreme values.

This motivates us to consider an alternative way to (7.93) for ML esti-
mation of ℓ as

ℓ̂ML = argmax
ℓ∈{0,...,K}

LLRℓ , (7.95)

based on LLRs

LLRℓ , log
p(ỹ |Hℓ)

p(ỹ |Hℓ)
. (7.96)

In the above, Hℓ is the hypothesis for the glue factor sitting at position
ℓ, i.e.,

p(ỹ |Hℓ) , p(ỹ |ℓ) , (7.97)

and the signal model under the null hypothesis Hℓ can be chosen arbi-
trarily as long as the likelihood under this hypothesis does not depend on
ℓ. Note that for special cases, the appropriate choice of Hℓ can influence
the resulting expression for the LLR considerably.

For the general case at hand we choose the null hypothesis Hℓ , HA,
which corresponds to the model represented by the factor graph in
Figure 7.13. In this model, we attribute the data to the model A solely.
Let us remark that if f0 is a (potentially scaled) prior PDF and the
factors fA1 , . . . , f

A
ℓ are (potentially scaled) conditional PDFs in the sense

as explained in Section 1.5.2, then the normalization factor ζℓA for this
factor graph depends on neither ℓ nor K and hence is constant in both
the offline and the online scenario.

In order to distinguish quantities computed in the factor graph of Fig-
ure 7.1 from quantities computed for HA in the factor of Figure 7.13 we
denote the latter by (·)|A ; e.g. Xk |A denotes the edge Xk in Figure 7.13.
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Figure 7.13: Model for hypothesis HA.

We now can write the LLR of Equation (7.96) as

LLRℓ = log
βUℓ

β◦
Xℓ |A

β◦
Uℓ
βXℓ |A

, (7.98)

where Uℓ is either XA
ℓ , XB

ℓ or any edge within the glue factor in Fig-
ure 7.1. In (7.98), neither βXℓ |A nor β◦

Xℓ |A does not depend on ℓ (cf.

Theorem 6.1). For the general case, we nevertheless keep these terms
because some of the message scale factors cancel. Specifically, the LLR
of Equation (7.98) can be written as

LLRℓ = log

←−γXB
ℓ

←−γ ◦
Xℓ |A

←−γ ◦
XB

ℓ

←−γXℓ |A
+ log


←−νXB

ℓ
(x) g(0 ,x, ℓ) dx


←−ν ◦
XB

ℓ

(x′) g(0 ,x′, ℓ) dx′

+ log


νXA

ℓ
(x) dx


ν◦Xℓ |A (x′) dx′


ν◦
XA

ℓ

(x′′) dx′′  νXℓ |A (x′′′) dx′′′ .

(7.99)

A similar expression with β-type scale factors can be formulated. The
proof of (7.99) is given in Appendix D.2.

In Equation (7.99) we note that message scale factors need not be com-
puted in the forward pass. In contrast, it is in general necessary to
compute the message scale factors in the backward pass. The reason for
this is that for k = ℓ + 1, . . . ,K the models in the two hypotheses are
different. If, however, the two models are the same, i.e. if A = B, then
the scale factors in the first term of (7.99) cancel too and no scale factor
needs to be computed at all.

The LLR approach in Equation (7.98) to ML estimation of ℓ when
compared with the approach of (7.94) has thus potentially the advantage
that less message scale factors have to be computed, even in the most
general case.
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XA
ℓ =0 0 = XB

ℓ

gℓ

Figure 7.14: Glue factor for noise-only hypothesis HN .

In certain cases, it is worth while to consider a second alternative for the
null hypothesis Hℓ. Specifically, we define HN to be the hypothesis of a
noise-only model under which the likelihood can be written as

p(ỹ |HN ) =

K

k=1

N (ỹk |0 ,VZ) . (7.100)

Furthermore, we restrict the models A and B to be such that (7.100) can
be achieved by positioning the glue factor depicted in Figure 7.14 at any
position ℓ. In particular, this is the case if both models A and B are
autonomous linear SSMs and if VA

Z = VB
Z .

In these special cases we can choose Hℓ , HN and the corresponding
LLRs

LLRℓ = log
βUℓ

−→γ ◦
XA

ℓ

←−γ ◦
XB

ℓ

β◦
Uℓ

−→γXA
ℓ

←−γXB
ℓ

(7.101)

simplify from (7.99) to

LLRℓ = log


←−νXB

ℓ
(x) g(0 ,x, ℓ) dx


←−ν ◦
XB

ℓ

(x′) g(0 ,x′, ℓ) dx′ + log


νXA

ℓ
(x) dx


ν◦
XA

ℓ

(x′) dx′ . (7.102)

Note that all message scale factors have cancelled. Equation (7.102) is
proved in Appendix D.2.

We henceforth restrict the setting to linear time-invariant (LTI) SSMs
for A and B as shown in Figure 7.15. The generalization to linear time-
varying (LTV) SSMs is straightforward. We take a closer look at the first
term in Equation (7.99). Specifically, we define

←−γk ,
←−γXB

k

←−γ ◦
Xk |A

←−γ ◦
XB

k

←−γXk |A
(7.103)

for k = ℓ, . . . ,K. The quantity ln←−γk can be computed recursively in the
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=
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N

0 , (WM

Z )−1


Y M
k = ỹk

+
X ′M

k

BM

N

0 , (WM

U )−1


AM
XM

k−1

Figure 7.15: Linear time-invariant (LTI) model for M = A,B.

backward pass as

ln←−γK+1 = 0 , (7.104)

ln←−γk−1 = ln←−γk +
1

2
ln

detWB
Z detW◦

B detWA
detWA

Z detW◦
A detWB

− ỹT
k


WB

Z −WA
Z


ỹk/2

+mT
BWBmB/2−mT

AWAmA/2 ,

(7.105)

for k = K, . . . , ℓ, where

WM , WM
U +BT

M
←−
WX′M

k
BM , (7.106)

WMmM , BT
M
←−
WX′M

k

←−mX′M
k

, (7.107)

W◦
M , WM

U +BT
M
←−
W◦

X′M
k

BM , (7.108)

for M = A,B. We recall that WM
U and WM

Z are the state noise and
observation noise precision matrices for model M respectively. Also, note
the definition of the edge X ′M

k in Figure 7.15. The recursion (7.105)
is proved in Appendix D.3. We highlight that this recursion can only
be achieved by means of Rule (IV.3) for the composite addition and
multiplication block.

In certain cases it can occur that β◦
Uℓ

tends to infinity. In all such cases
considered in this chapter, the reason for this is that some or all of the
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hidden variables should be treated as parameters. One way of dealing
with these parameters is to turn them into random variables by assuming
a prior PDF, e.g. a uninformative Gaussian prior, whose variance tends
to infinity. The viewpoint of Equation (7.98) is more attractive with
this respect, because the respective (inverse) covariance matrices cancel
before taking the limit.

7.6.2 Cases with Constant Normalization Factor

Recall the case in which the normalization factor β◦
Uℓ

does not depend
on ℓ. Such a case arises either, in a strictly conditional setting (cf.
Section 7.2) or by re-normalizing via re-parameterization of the glue
factor and potentially the SSMs A and B (cf. Section 7.2.3).

In such a case, Equation (7.94) simplifies to ℓ̂ML = argmaxℓ βUℓ
and there

is no need to compute β◦
Uℓ
. Furthermore, for LLR-based ML estimation,

the LLR in Equation (7.98) can now be written as

LLRℓ = log
βUℓ

βXℓ |A
+ const (7.109)

= log

←−γXB
ℓ

←−γXℓ |A
+ log


←−νXB

ℓ
(x) g(0 ,x, ℓ) dx

+ log


νXA

ℓ
(x) dx


νXℓ |A (x′) dx′ + const .

(7.110)

Similarly, the LLR with respect to the noise-only hypothesis in Equa-
tion (7.101) can be written as

LLRℓ = log
βUℓ−→γXA
ℓ

←−γXB
ℓ

+ const (7.111)

= log


νXA

ℓ
(x) dx+ log


←−νXB

ℓ
(x) g(0 ,x, ℓ) dx

+ const .

(7.112)

Furthermore, in the case of LTI SSMs, the quantity

←−γ ′
k , ←−γXB

k
/←−γXk |A (7.113)
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can be computed recursively for k = K, . . . , ℓ as

ln←−γ ′
K+1 = 0 , (7.114)

ln←−γ ′
k−1 = ln←−γ ′

k +
1

2
ln

detWB
Z detWB

U detWA
detWA

Z detWA
U detWB

− ỹT
k


WB

Z −WA
Z


ỹk/2

+mT
BWBmB/2−mT

AWAmA/2 ,

(7.115)

with the definitions (7.106) and (7.107). The recursion (7.115) is proved
in Appendix D.3.

In the following we give some examples of glue factor position estimation
for models with constant normalization with respect to the glue factor
position ℓ. In some of the examples, a clever choice for the null hypothesis
Hℓ leads to simplified expressions for the LLR of (7.96).

Example 7.3: Locating a Model Parameter Change
In this example, we assume that the observed data ỹ1, . . . , ỹK has been
generated by a LTI SSM model (3.7), whose parameters have changed at
some unknown time ℓ. Such a parameter change can, e.g., be a change
in the covariance matrix of the state noise or the observation noise, or
a change of the system poles. The resulting model family thus is of the
form in Figure 7.1 with A and B both being LTI SSMs (Figure 7.15)
of the same order but with differing parameters. The glue factor is a
simple connection of the states XA

ℓ = XB
ℓ . Assuming that all the system

parameters are known, ML estimation of ℓ from observed data thus can
be done by the offline likelihood computation method of Section 7.2.2,
followed by (7.95) where we choose Uℓ , Xℓ.

In this example, the second term in (7.110) evaluates to

ln


←−νXB

ℓ
(x) g(0 ,x, ℓ) = ln←−νXB

ℓ
(0 ) = 0 (7.116)

such that the LLR (7.110) can be written as

LLRℓ = ln

←−γXA
ℓ

←−γXℓ |A
+

1

2
ln

detWXℓ |A
detWXA

ℓ

+
1

2


mT

XA
ℓ

WXA
ℓ
mXA

ℓ
−mT

Xℓ |AWXℓ |AmXℓ |A

.

(7.117)

where we have made use of (6.16).
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Note that in the case at hand, XB
K is an open edge, carrying a neutral

message ←−µXB
K

with
←−
WXB

K
= 0, ←−mXB

K
= 0 , and ←−γXB

K
= 1. The computa-

tion of
←−
WXA

ℓ
and
←−
WXA

ℓ

←−mXA
ℓ

is done by the standard “information filter”

backward message passing using update rules in [65, Table 4] for the
composite block (a) in Figure 6.1. The computation of ln←−γ ′

k as defined
in (7.113) can be done alongside with the recursion (7.115). ♦

Example 7.4: Locating a Parameter Change of an Autonomous
Model
As a special case of Example 7.3, we assume that the SSMs A and B
are autonomous. The LLR of (7.117) from the previous example still
applies. In this case, however, the update rules (II.2) and (II.5) suffice
to formulate the recursion (7.115) for computing the quantity ←−γ ′

k as

ln←−γ ′
k−1 = ln←−γ ′

k +
1

2
ln

detWB
Z

detWA
Z

− ỹT
k


WB

Z −WA
Z


ỹk/2 . (7.118)

If the observation noise covariance matrices of both models A and B
are the same, i.e., if VA

Z = VB
Z then we can choose the noise-only

hypothesis Hℓ = HN . Clearly, in this case, a model for this hypothesis is
achieved by the glue factor in Figure 7.14. Hence, the simplified LLR of
Equation (7.112) applies. As in the previous example the second term
in (7.112) simplifies as in (7.116) and we can use (6.16) to write the LLR
of (7.112) as

LLRℓ = mT
XA

ℓ

WXA
ℓ
mXA

ℓ
/2− ln detWXA

ℓ
. ♦

Example 7.5: Locating an Additional Input
Consider a LTI SSM (3.7) with given system matrices A, B, C, and
covariance matrices VU , VZ . Assume that at some unknown time ℓ ∈
{0, . . . ,K}, an additional input has been applied, i.e. the state update
equation at time k = ℓ changes to

Xℓ = AXℓ−1 +B (Uℓ +U ′
ℓ) , (7.119)

where U ′
ℓ is the additional input. Given observations Yk = ỹk for

k = 1, . . . ,K we would like to make a ML estimate of ℓ.

We can cast this problem into the form of Figure 7.3b as follows. First,
we set the models equal, i.e. A = B. Second, we define the factors fAk and
fBK as in Figure 7.16, i.e. as a “shuffled” version of the standard factor



184 Glue Factor

=
Xk−1

C

+

N (0 ,V2
Z)

Zk−1

Yk−1

A +

B

N (0 ,V2
U )

Uk

Xk

Figure 7.16: Shuffled linear time-invariant (LTI) state-space model
(SSM).

graph representation in Figure 3.2 of a LTI SSM. Note that apart from
the graph borders (at k = 0 and k = K) and a relabeling of the hidden
variables, Figures 7.16 and 3.2 are the same. Finally, this shuffling allows
us to model the additional input by the glue factor of Figure 7.17a.

Now we consider ML estimation based on LLRs as in (7.96). In principle,
we could choose Hℓ = HA, but for this example there is a more adequate
choice. Recall that the model for HA is depicted in Figure 7.13. Now,
we can insert the “glue factor” of Figure 7.17b into edge Xk at any
position k in this model without changing neither the likelihood nor the
normalization factor. (This type of neutral modification is treated in
Appendix C.1.) We choose this modified factor graph with the glue factor
at position ℓ as our model for the null hypothesis Hℓ. Hence, the LLR
in (7.96) can be written as

LLRℓ = ln
βU ′

ℓ

βU ′′
ℓ

= ln

←−
βU ′

ℓ

←−γU ′′
ℓ

(7.120)

=
1

2
ln

(2π)n

det
←−
WU ′

ℓ

+←−mT
U ′

ℓ

←−
WU ′

ℓ

←−mU ′
ℓ
/2 , (7.121)

where n is the dimensionality of U ′
ℓ. For (7.121) we have used the fact

that ←−µU ′
ℓ
(u) = ←−µU ′′

ℓ
(u) and we have applied the conversion (6.16).
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+
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ℓ
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U ′
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gℓ

(a) Additional input.

+
XA

ℓ

B

U ′′
ℓ =0

XB
ℓ

gℓ

(b) No additional input.

Figure 7.17: Glue factors for locating an additional input into a linear
time-invariant (LTI) state-space model (SSM).

In case we have forward and backward steady state messages −→µX0
and

←−µXK
, then

←−
WU ′

ℓ
does not depend on ℓ. Furthermore, in this case, it is

evident that for a scalar input (n = 1) we have

ℓ̂ML = argmax
ℓ∈{0,...,K}

|ûℓ| , (7.122)

which is based on input estimation alone.

Also, it is evident how to work out the LLR in (7.109) in the case of a
general input U ′

ℓ to the state, i.e., if we substitute (7.119) by

Xℓ = AXℓ−1 +BUℓ +U ′
ℓ . ♦

Example 7.6: Locate a Pulse
We recall the setting of Section 7.5, in which we have modelled a pulse
as a sum of sinusoids, decaying both towards the future and towards the
past. Furthermore, we have formulated a constant normalization case
by defining the factors in Figure 7.3b as follows. The factors fMk are
autonomous SSMs as in Figure 7.9, potentially with differing parameters

for M = A,B. The initial factor f0 is a Gaussian prior PDF N (0 ,
−→
VX)

where
−→
VX is the steady-state covariance matrix for forward message

passing in model A. Finally, for the glue factor, we consider two variants

a) The pulse shape is unknown. The corresponding glue factor is
depicted in Figure 7.10b.

b) The pulse shape is known. The corresponding glue factor is depicted
in Figure 7.18.
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XA
ℓ = x̃A x̃B= XB

ℓ

gℓ,θ

Figure 7.18: Glue factor for the hypothesis Hℓ for fixed pulse shape.

To understand the glue factor in Figure 7.18 for Variant (b) we recall
that a pulse is completely described by specifying SA = s̃A, SB = s̃B,
and U = ũ in the glue factor of Figure 7.10c. These three values define
corresponding states

x̃A = H#
Aũ+GT

As̃A (7.123)

x̃B = H#
B ũ+GT

Bs̃B . (7.124)

For the present case, if we assume σ2
A = σ2

B, then in the LLR of (7.96)
we can choose Hℓ = HN where we recall that HN is the hypothesis for
the noise-only signal model. Hence, the LLR of Equation (7.112) can be
applied for both variants resulting in

a) LLRℓ = mT
XA

ℓ

WXA
ℓ
mXA

ℓ
/2 +mTWm/2 (7.125)

−

ln detW + ln detWXA

ℓ


/2 + const ,

b) LLRℓ = x̃T
A
−→
WXA

ℓ

−→mXA
ℓ
+ x̃T

B
←−
WXB

ℓ

←−mXB
ℓ

(7.126)

− x̃T
A
−→
WXA

ℓ
x̃A/2− x̃T

B
←−
WXB

ℓ
x̃B/2 ,

respectively, where

W , GB
←−
WXB

ℓ
GT

B , (7.127)

Wm , GB
←−
WXB

ℓ

←−mXB
ℓ
. (7.128)

Equations (7.125)–(7.128) are proved in Appendix D.4. ♦

7.6.3 Maximum a Posteriori estimation of a Glue Factor
Position

We return to the general question of locating a glue factor, i.e., of
estimating the position ℓ within the model family of Figure 7.1. In
Section 7.6.1, we have treated ℓ as a parameter, which has lead us to ML
estimation.
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In many situations we may have prior knowledge about the glue factor
position. In these situations, it is more appropriate to treat this position
as a random variable L that has a prior PMF p(ℓ). In this section we
look at the resulting MAP estimation problem.

Given the data ỹ , (ỹ1, . . . , ỹK) and a prior PDF p(ℓ) we can compute
a MAP estimate of ℓ in Step (c) of the “offline likelihood computation”
algorithm in Section 7.2.2 as

ℓ̂MAP = argmax
ℓ∈{0,...,K}

p(ỹ |ℓ) p(ℓ) (7.129)

= argmax
ℓ∈{0,...,K}

p(ℓ)βUℓ
/β◦

Uℓ
, (7.130)

where Uℓ is either XA
ℓ , XB

ℓ , or any edge within the glue factor. We
can regard Equations (7.129) and (7.130) as a straightforward extension

of (7.93) and (7.94), and indeed if p(ℓ) is uniform then ℓ̂MAP = ℓ̂ML.

For the sake of clarity we recall that the ratio βUℓ
/β◦

Uℓ
in (7.130) originates

from (7.13). This latter equation applies in the strictly conditional case,
i.e. if the function represented by the factor graph is proportional to a
conditional PDF p(x,y |ℓ), as well as in the re-normalized case. In this
latter case the function represented by the factor graph is proportional to
a joint PDF/PMF p(x,y, ℓ) but in the ratio βUℓ

/β◦
Uℓ

we have removed
any prior knowledge about ℓ. In (7.130) we add such prior knowledge
again by the factor p(ℓ).

As in Section 7.6.1, we can formulate an alternative to (7.129) by means
of a log-ratio

logRℓ , log
p(ỹ |ℓ) p(ℓ)
p(ỹ |Hℓ)

(7.131)

for any null hypothesis Hℓ that must not depend on ℓ. For the general
case, we may choose Hℓ = HA where the model for the hypothesis HA is
still given by the factor graph depicted in Figure 7.13. Alternatively, in
certain cases, the noise-only model HN may be chosen for Hℓ.

Once we have decided upon the choice for Hℓ, the corresponding MAP
estimate (7.129) can be written as

ℓ̂MAP = argmax
ℓ∈{0,...,K}

lnRℓ (7.132)

= argmax
ℓ∈{0,...,K}


LLRℓ + log p(ℓ)


. (7.133)
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We recall that the expressions for the LLR in (7.133) are given in (7.99)
and (7.102) for Hℓ = HA and Hℓ = HN respectively. In cases of constant
normalization, the respective LLRs are (7.110) and (7.112).

Finally, note that all the glue factor position estimation problems de-
scribed in Examples 7.3–7.6 generalize immediately to situations in which
we are given a prior PMF p(ℓ) by simply plugging in the respective
expressions for the LLRs into (7.133).

7.6.4 Estimation of Multiple Glue Factor Positions

Assume that we are given a signal ỹ1, . . . , ỹK in which we would like to
locate r model changes. In terms of a factor graph model we can consider
a SSM in which r glue factors connect several SSM segments, each of
which corresponds to a (potentially unique) model Mq for q = 0, . . . , r.

The parameter to be estimated is now a vector ℓ ∈ N
r of glue factor

positions. Here, we assume that the number of glue factors and the
model parameters are known. In order to compute the likelihood function
of ℓ the number of sum-product messages to be computed increases
exponentially with r and with the signal length K. While this is in
principle feasible, it is not very attractive in practice.

Consider the special case in which all the SSM segments contain the
same SSM with the same parameters (Mq = A for all q), and all the
glue factors have the same form. For this case, we propose to use CM for
approximate ML estimation of ℓ as follows:

a) Set the number of currently modeled glue factors q = 0. We thus
start with a single segment of one model for the whole block of
data.

b) Assume that we have q glue factors in our model and all messages
have been computed. Consider each of the q + 1 model segments
as a single factor graph of the form in Figure 7.7 with f0 and fK+1

being the messages that originate from adjacent segments. In each
of this factor graphs make a ML estimate of the position of the glue
factor and compute the corresponding likelihood. Let the likelihood
in the j-th segment be pj and the corresponding glue factor position

estimate îj .

c) Choose to insert a new glue factor into the whole model at position
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îĵ where ĵ = argmaxj pj . Recompute all the messages in the factor
graph that have changed due to this insertion. (Potentially, another
step can be inserted here in which all the glue factor positions are
re-estimated for fine-adjustment.)

d) If q < r then increment q and go to Step (b). Otherwise stop the
algorithm.

This approach can be used to extend Examples 7.5 and 7.6 on input and
pulse position estimation.

7.7 Detection-Inspired Estimation of Glue Fac-
tor Positions

In the previous section we have treated the estimation of the position ℓ
at which the glue factor gℓ in the factor graph of Figure 7.1 is most likely.
In this section we assume a scenario in which we do not know whether a
glue factor is present at all. We hence are facing two problems:

a) A detection problem: Is the glue factor present at all?

b) An estimation problem: If we detect the presence of a glue factor,
what is its position?

In an online filtering scenario (cf. Section 7.2.2) we can envisage a localized
version of the above, in which we try to solve problems (a) and (b) in
parallel to the filtering action.

7.7.1 Principles

We formalize the scenario envisaged by defining the following hypotheses
for a block of given data ỹ1, . . . , ỹK :

Hg : A glue factor is present. (7.134)

Hℓ : The glue factor is at position ℓ. (7.135)

HA : No glue factor is present, only model A is active. (7.136)
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The model family for Hℓ for ℓ = 0, . . . ,K is defined by our family of
factor graphs including the glue factor gℓ as depicted in Figure 7.1:

p(y |Hℓ) = p(y |ℓ) (7.137)

We assume that the glue factor does not depend on any parameter θ.
Extensions to include such parameters are, however, feasible.

We recall that the model for HA is defined by the factor graph in
Figure 7.13. The PDF under hypothesis Hg is defined as

p(y |Hg) ,
K

ℓ=0

p(y |ℓ) p(ℓ) , (7.138)

where L ∈ {0, . . . ,K} is now a random glue factor position and p(ℓ) is a
prior PMF on L.

Based on these definitions we formulate the LLR for Hg versus HA as

LLR , log
p(ỹ |Hg)

p(ỹ |HA)
(7.139)

= log

K
ℓ=1 p(ỹ |Hℓ) p(ℓ)

p(ỹ |HA)
(7.140)

= log

K

ℓ=1

Rℓ , (7.141)

where we repeat the definition (7.131) of Rℓ for the choice Hℓ = HA of
the null hypothesis as

Rℓ ,
p(ỹ |Hℓ) p(ℓ)

p(ỹ |HA)
. (7.142)

Based on this LLR we can devise a test

LLR
?

≷ ϑ , (7.143)

where ϑ is a threshold. If we decide in favor of Hg, i.e. if LLR > ϑ, then
we can formulate the MAP estimate

ℓ̂MAP = argmax
ℓ∈{0,...,K}

p(ỹ |Hℓ) p(ℓ) . (7.144)



7.7 Detection-Inspired Estimation of Glue Factor Positions 191

As an alternative to the LLR, we formulate the GLLR

GLLR , log
p

ỹ
Hℓ̂ML



p(ỹ |HA)
(7.145)

= log
maxℓ∈{0,...,K} p(ỹ |Hℓ)

p(ỹ |HA)
(7.146)

= max
ℓ∈{0,...,K}

logRℓ , (7.147)

where ℓ is treated as a parameter with ML estimate

ℓ̂ML = argmax
ℓ∈{0,...,K}

p(ỹ |Hℓ) , (7.148)

and Rℓ is defined in (7.142) for a uniform prior p(ℓ) = 1/K. Note that
we have encountered lnRℓ = LLRℓ in Equation (7.96) where the LLR is
computed with the null hypothesis Hℓ = HA.

Both the LLR and the GLLR above can be computed via message passing
as

LLR = log

K

ℓ=0

p(ℓ) eLLRℓ , (7.149)

GLLR = max
ℓ∈{0,...,K}

LLRℓ , (7.150)

where the quantity LLRℓ is given in Equation (7.99), or in cases of con-
stant normalization in Equation (7.110). Note that all of the previously
derived LLRs that have been computed with a null hypothesis HA can be
applied in (7.149) or (7.150). In particular, this applies to the following
two examples.

Example 7.7: Detection of a Model Parameter Change
We recall the setting of Example 7.3, in which two LTI SSMs are given,
differing only in the parameters for model A and B. In contrast to
Example 7.3, we first have to decide, whether the parameters have
changed at all. If we detect a parameter change, we want to estimate of
the change point.

If we have a prior PMF p(ℓ) on the point of change then we can com-
pute the LLR of Equation (7.149) where the quantity LLRℓ is given
in (7.117). This LLR is then compared with a threshold ϑ and if the

threshold is exceeded then the MAP estimate ℓ̂MAP is computed as in
Equation (7.133).
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If we do not have any prior information about the point of change then
we can compute the GLLR of Equation (7.150) where the quantity LLRℓ

is still given in (7.117). This GLLR is then compared with a threshold ϑ

and if the threshold is exceeded, then the ML estimate ℓ̂ML is simply the
argument that maximizes LLRℓ. ♦

Example 7.8: Detection of an Input
We recall the setting of Example 7.5, in which a LTI SSM (3.7) is given
with the system matrices A, B, C, and the covariance matrices VU , VZ .
In contrast to Example 7.5, we first have to decide whether an additional
input U ′

ℓ (modeled as in Equation (7.119)) is present at all. If such an
input is detected, we want to estimate its position on the time axis.

As in Example 7.5, we define our model family for Hℓ by the factor graph
in Figure 7.3b with Figures 7.16 and 7.17a inserted, and the model for
HA by Figure 7.16 with Figure 7.17b inserted at time position ℓ.

If we have a prior PMF p(ℓ) on the time of the additional input then we
can compute the LLR of Equation (7.149) where the quantity LLRℓ is
given in (7.121). This LLR is then compared with a threshold ϑ and if

the threshold is exceeded then the MAP estimate ℓ̂MAP is computed as
in Equation (7.133).

If we do not have any prior information about the point of change then
we can compute the GLLR of Equation (7.150) where the quantity LLRℓ

is still given in (7.121). This GLLR is then compared with a threshold ϑ

and if the threshold is exceeded, then the ML estimate ℓ̂ML is simply the
argument that maximizes LLRℓ. ♦

In the case of steady-state forward and backward messages −→µX0 and ←−µXK

or when considering an online algorithm, the term 1
2 ln

det
←−
WU ′

ℓ
/(2π)n



in (7.121) is constant and hence can be absorbed into the detection
threshold ϑ.

Finally, let us note that in contrast to Example 7.7, there is no need
to keep track of the scale factors neither for backward messages nor for
forward messages in the scenario at hand, because the models A = B are
the same. ♦

We close this section by mentioning that the original scenario (7.134)–
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(7.136) can be changed to the following:

Hθ1 : A glue factor with parameter θ̃1 is present. (7.151)

Hθ0 : A glue factor with parameter θ̃0 is present. (7.152)

Additionally we may be given some prior PMFs p(ℓ|Hθ1) and p(ℓ|Hθ0).
Starting from (7.98) we can formulate

LLR = log
p(ỹ |Hθ1)

p(ỹ |Hθ0)
(7.153)

= log

K

ℓ=0

βΘℓ
(θ̃1) p(ℓ|Hθ1)

β◦
Θℓ

(θ̃1)

− log

K

ℓ′=0

βΘℓ′
(θ̃0) p(ℓ

′ |Hθ0)

β◦
Θℓ′

(θ̃0)
,

(7.154)

and

GLLR = log
maxℓ∈{0,...,K} p(ỹ |Hθ1 , ℓ)

maxℓ′∈{0,...,K} p(ỹ |Hθ0 , ℓ
′)

(7.155)

= max
ℓ∈{0,...,K}

log
βΘℓ

(θ̃1)

β◦
Θℓ

(θ̃1)
− max

ℓ′∈{0,...,K}
log

βΘ′
ℓ
(θ̃0)

β◦
Θ′

ℓ

(θ̃0)
. (7.156)

These expressions can be expanded in a similar fashion as in Section 7.6.

7.7.2 Extension to Detection of Multiple Glue Factors

Assume that we are given a signal ỹ1, . . . , ỹK in which we would like to
detect several glue factors. In terms of a factor graph model we can think
of a SSM in which several glue factors connect several segments, each of
which corresponds to a (potentially unique) model. The main difference
between this setup and the setup of Section 7.6.4 is that here the number
of glue factors is not known.

In a statistical decision framework, the detection of several changes leads
to multiple hypotheses testing [61]. In order to compute all the needed
test statistics for say r model changes, we would have to envisage a
factor graph with r glue factors at all possible time positions. The
number of sum-product messages to be computed in such a situation
grows exponentially with r and with the signal length K.
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In a Bayesian setting we may consider r to be a parameter to be estimated
in a ML sense. In principle, the corresponding likelihood function can be
computed by message passing with the number of glue factors r ranging
from 0 to K and where now we ought to sum the likelihoods over all
possible glue factor positions. Again, the complexity of such a procedure
grows exponentially with K.

Instead of these rather complicated approaches, we may envisage a similar
approach as in Section 7.6.4 using CM. We recall that in this approach,
all glue factors are assumed to have the same structure, and all segments
between the glue factors are modeled by the same SSM. The algorithm
envisaged here is essentially the same as in Section 7.6.4, with the main
difference being that in every iteration, before ML estimation of a glue
factor position, a detection based on a LLR (7.140) or a GLLR (7.145)
is performed in order to decide whether to insert a new glue factor at all
or whether to stop the algorithm.

When following the above procedure we face, however, the problem of
choosing appropriate detection thresholds in each iteration. We never
have mentioned how to compute a detection threshold for a given alarm
rate in the glue factor model, and we will not do so in this thesis. In
the envisaged procedure though, we face a series of detection problems,
which, when treated consistently should have related (if not the same)
false alarm probability. We conjecture that there are many cases in
which a detection threshold can indeed be found for a given false alarm
probability.

7.8 Online Estimation of Glue Factor Positions

We recall the online setting in which the data ỹk arrives in a stream for an
indefinite time. In this scenario the hypothesis test Hg in (7.134) versus
HA in (7.136) may not make much sense anymore. In this section we
propose algorithms that approach the problem of detecting and locating
a glue factor as soon as enough data has arrived. Put differently, we draw
from our formulation of detecting a glue factor for the purpose of online
estimation of the glue factor position. The structure of these algorithms
still follow the “online likelihood filtering” procedure in Section 7.2.2.

We remark that the problem at hand – locating a glue factor in an online
scenario – is not directly related to the setup of sequential detection
as discussed in [14, 112], in which the goal is to decide (usually from
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observing data that is independent and identically distributed), which of
two underlying stationary distributions the data can be attributed to. In
this section, in contrast, we want to locate the position of the glue factor,
an event that breaks any stationarity of the underlying process. This
setup is much closer to what is known as “quickest detection” [85]. We
will, however, give no guarantees on the optimality of our algorithms.

In the following we describe two detection-inspired online algorithms, one
for the GLLR (7.150) and one for the LLR (7.149), both based on the
“online likelihood filtering” procedure of Section 7.2.2. In this procedure
we let D1 = D2 , D for both variants. We conjecture that, as long as D
is large enough, we do not loose much by doing this simplification.

Towards the end of this section we look at extensions of the algorithms
to estimate several glue factors in an online algorithm.

7.8.1 Online Estimation from GLLR

First, we define the algorithm inspired by the GLLR of Equation (7.150).
In Step (b) of the “online likelihood filtering” procedure, a single value

ln ηK−D = LLRℓ . (7.157)

is computed where LLRℓ is given in (7.98). Here we introduce the new
notation to distinguish between the online and the offline setting. Indeed,
for a given block of data, the sequence of values ln ηK−D for increasing
K is not the same as the values LLRℓ, because for every K, the data has
changed.

Each time a new value ln ηK−D as in (7.157) is computed this value is
compared with the detection threshold ϑ. If the threshold is exceeded,
then we change the procedure for Step (b) to the following:

b) Compute the value (7.157) and if ln ηK−D < ln ηK−D−1 then de-

clare a glue factor at time ℓ̂ = K −D and stop the algorithm.

This change of strategy is a simple way of computing the next occurring
maximum. In [28,29], the continuous-time equivalent to this method is
described, in which the time-derivative of the GLLR is used to locate the
next occurring maximum.
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7.8.2 Online Estimation from LLR

For the formulation of the LLR based algorithm, a problem arises because
there exists no uniform prior p(ℓ) on the whole range of N0 that we could
employ in (7.149). We propose a time-varying prior

p(K)(ℓ)
△∝

(1− λ)K−D−ℓ for ℓ = 0, . . . ,K −D

0 else
(7.158)

for each K. The function p(K) is a truncated geometric PMF that weighs
the position K − D the most and decays towards the past. As the
algorithm proceeds, i.e. as K → ∞, this PMF converges to the true
geometric distribution with mean 1/λ.

By virtue of this prior PMF we can, in principle, compute a LLR as in
Equation (7.149) for every K. Let us denote this LLR at time K by
LLRK−D because the glue factor position is K −D. The computation of
LLRK−D can be done by the “offline likelihood computation” procedure
of Section 7.2.2. This is, however, not attractive in practice because when
incrementing K, all the backward messages have to be recomputed.

Therefore, we propose to compute an approximate quantity ln η′K−D of
LLRK−D in a recursive manner. Specifically, we define an online algo-
rithm based on the “online likelihood filtering” procedure of Section 7.2.2
by specifying that in Step (b) we update

η′K−D = eLLRℓ + λ η′K−D−1 , (7.159)

with a starting value of η′0 = 1, where LLRℓ is again given in (7.98).

If ln η′K−D exceeds a threshold ϑ then we declare that a glue factor has

been detected and stop the algorithm. The actual estimate ℓ̂ of the
glue factor position has to be computed either by stepping back to an
offline procedure and computing (7.98) for all values ℓ of interest followed
by (7.95), or by a method similar to the one in the previous section 7.8.1.

7.8.3 Online Estimation of Several Glue Factors

We consider a similar scenario as in Section 7.7.2, where the task is
to locate several model changes. The main difference is that we now
are given a infinitely long data stream ỹ1, ỹ2, . . . in which potentially
infinitely many model changes have to be located.
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Clearly, a rigorous treatment of this problem in the general case is
precluded because of the complexity. We therefore simplify the scenario
to one of the following, for both of which we assume that all glue factors
are sufficiently far apart from each other:

a) All the model segments between the changes have the same under-
lying model and all the glue factors are the same.

b) There are only two underlying models A and B that are used
alternatingly and they are connected by two types of glue factors,
one for the transition from model A to model B and one for the
transition from model B to model A.

Scenario (b) can straightforwardly be extended to a cyclic sequence of n
models and n glue factors, or indeed to any given sequence of models and
glue factors. In both scenarios, true Bayesian inference of the number and
location of the glue factors is still prohibited, as detailed in Section 7.7.2.

We therefore propose the following “forward-only” procedure to estimate
from observations ỹ1, ỹ2, . . . the glue factor positions Lj for j ∈ N:

a) Set j = 1.

b) Given fixed glue factor positions Li = ℓ̂i for i = 1, . . . , j − 1 we

make an estimate ℓ̂j of Lj .

c) Increment j and proceed with Step (b).

For Step (b) we propose to use the online estimation procedures using
the GLLR or the LLR as described in Sections 7.8.1 and 7.8.2.

Once a glue factor position has been decided upon, this glue factor is
placed permanently in the factor graph. The resulting forward message−→µXB

ℓ̂j

becomes then the initial node f0 in Figure 7.1 for the next iteration.

7.8.4 Online Estimation of a Hidden Bernoulli Process

Recall that for the online estimation procedure in Section 7.8.2 based on
the LLR (7.149), one problem was that there exists no uniform prior p(ℓ)
on the glue factor position for L ∈ N0. In the present section we look at
a case in which indeed a non-uniform prior PMF makes sense.
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A Bernoulli process [40] (the discrete-time equivalent to a Poisson process)
is defined as follows. Let Ik be independent and identically distributed
according to a Bernoulli distribution with mean λ, i.e. Ik ∈ {0, 1} for
k = 1, 2, . . . and p(ik = 1) = λ. A Bernoulli process Bk with rate λ is

defined as Bk =
k

k′=1 Ik′ , i.e., the number of ones occurred until time
index k. The PMF of Bk is the binomial PMF

pBk
(b) =


k

b


λb(1− λ)k−b . (7.160)

The connection to a Poisson process is as follows. Let tS be the sampling
interval and define λ′ , λ/tS . Using t = k tS we can write λ = λ′ t/k.
Now we can form the limit for k → ∞ (or equivalently tS → 0).

lim
k→∞

pBk
(b) = lim

k→∞
k!

(k − b)! b!


λ′t
k

b
1− λ′t

k

k−b

(7.161)

= lim
k→∞

k!

(k − b)! kb
(λ′t)b

b!


1− λ′t

k

k
1− λ′t

k

−b

(7.162)

=
(λ′t)b

b!
e−λ′t , (7.163)

which is a Poisson distribution with mean λ′t = λk. The last equality
follows because as k → ∞ we have

k!

(k − b)! kb
=
k(k − 1) · · · (k − b+ 1)

kb
→ 1 , (7.164)


1− λ′t

k

−b

→ 1 , (7.165)

and


1− λ′t

k

k

→ e−λ′t . (7.166)

We define the set {L ∈ N : IL = 1} of time indices of events and we let
{Lj}j∈N be an ordered list of the elements in this set. The inter-event

times Mj , Lj − Lj−1 for j = 2, 3, . . . are independent and identically
distributed according to a geometric distribution pMj

(m) = λ(1− λ)m−1

with mean 1/λ, i.e., the probability ofm−1 unsuccessful trials followed by
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one success. Again, it can be shown that in the limit tS → 0 this geometric
distribution converges to the exponential distribution pTj

(t) = λ′e−λ′t

with mean 1/λ′.

We consider a situation in which the events L1, L2, . . . of the Bernoulli
process are the glue factor positions. We make the same assumptions
as we did for online estimation of several glue factors and thus we can
immediately apply the “forward-only” procedure described in the previous
section. In the situation at hand, however, we have more information
about the inter-event times.

Specifically, we propose to implement Step (b) as a MAP estimation:

ℓ̂j = ℓ̂j−1 + argmax
ℓ∈N0

p(ℓ) p

ỹ(j)

Hℓ


(7.167)

where we choose a geometric prior p(ℓ) = λ(1− λ)m−1 and p

ỹ(j)

Hℓ


is

defined by our factor graph model family in Figure 7.1 with observations
ỹ(j) , (ỹℓ̂j−1+1, ỹℓ̂j−1+2, . . .) and a glue factor positioned at ℓ̂j−1 + ℓ.

The initial message −→µXA
0

is the message out of the glue factor −→µXB
ℓ̂j

that

was estimated in the previous iteration.

Clearly, the MAP estimation rule (7.167) may not be optimal at all,
because in reality there are several glue factors present. Moreover, a
direct implementation of (7.167) is precluded because of the infinite
support of ℓ.

Analogous to the approach taken in Section 7.8.2, an algorithm can
be formulated based on a time-varying prior. It must, however, be
noted that the detection threshold ϑ does now change considerably for a
given constant false-alarm rate. This obstacle precludes, at present, the
complete formulation and implementation of the algorithm.

7.9 Simulation Examples for Glue Factor Posi-
tion Estimation

We report three example implementations of algorithms to estimate the
glue factor position given an artificially generated signal. In all examples,
the output of all SSMs is scalar. Both offline and online algorithms are
implemented. We enumerate the examples as follows:
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a) Locating an additional input:
The first example corresponds to Examples 7.5 and 7.8 and, in which
we want to locate an additional input to a SSM. In this case, both
models are the same, i.e. B = A, and the factor graph representation
is given in Figure 7.3b with Figures 7.16 and 7.17 inserted, and with

f0(x
A
0 ) = N


xA
0

0 ,−→VX


, where

−→
VX is the steady-state solution to

Equation (3.9). The SSM is a 6-th order IIR system with a scalar
input.

All parameters of the model and of the algorithm are listed in
Table 7.2 and the simulation results are shown in Figure 7.19.

b) Locating a model change:
The second example corresponds to Example 7.3, in which two SSMs
of the same order but with different parameters are concatenated.
In this case the glue factor is a direct connection of the states. The
factor graph representation is the general model family in Figure 7.1
with two different SSMs each as in Figure 7.15, both 4-th order
IIR systems but with different poles, zeros and noise variances.
The factor f0 is a zero-mean Gaussian with steady-state forward

covariance matrix
−→
VX . The factor fK is neutral.

All parameters of the models and of the algorithm are listed in
Table 7.3 and the simulation results are shown in Figure 7.20.

c) Locating a pulse:
The third example corresponds to Example 7.6 in which we want
to locate a two-sided sinusoidal pulse, cf. Section 7.5. In this setup,
both models A and B are autonomous IIR systems with order 8
and 6 respectively. The glue factor is depicted in Figures 7.10b
and 7.18 for unknown and known pulse shape respectively.

All parameters of the models and of the algorithms are listed
in Tables 7.1 and 7.4 and the simulation results are shown in
Figure 7.21.

For all three examples, observations ỹk for k = 1, . . . ,K are generated
according to the given model and the three quantities LLRℓ as in (7.98),
ln ηℓ as in (7.157), and ln η′ℓ as in (7.159) are computed. For Example (c)
LLRℓ and ηℓ are also computed for the variant in which the pulse shape
is known.

In all examples, all SSMs are parameterized in real Jordan canonical
form of (3.2) with unique complex conjugate eigenvalue pairs. Note that
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the glue factor position ℓ (and if appropriate the glue factor parameter
u, s̃A, s̃B, and ũ) is used to generate ỹk, but both are unknown to the
algorithm.

In these examples it can be seen, that the glue factor approach can be
used for very different purposes. Depending on the SSMs and the glue
factor, and depending on the chosen LLR, the number D of backward
steps has to be chosen differently in order to still be able to locate the
glue factor. Also, we observe that the quantity ln η′ℓ has linearly shaped
tails because the summation is taking place in the log domain.

We recall that LLRℓ is computed by an offline procedure, while ln η′ℓ
and ln η′ℓ are computed by an online procedure. Also we highlight that
the main difference between the examples is the appearance of the scale
factors in the messages. In Example (a) (Figure 7.19) all scale factors
cancel and all the quantities can be computed based on (7.121).

In Example (b) (Figure 7.20) only the scale factors of the forward messages
cancel. In this case, all the quantities are computed based on (7.117) and
the recursive computation of ←−γ ′

k in (7.115) is applied.

Finally, in Example (c) (Figure 7.21), scale factor computation is not
necessary either. All the required quantities are computed from the LLRs
in Equations (7.125) and (7.126) for unknown and known pulse shape
respectively.

Although developed in the same framework, Examples (a) and (b) are
quite different. For the former, a short delay D for the online algorithms
suffices and the additional input can clearly be recognized. The parame-
ters for the latter are chosen such that the offline algorithm can indeed
estimate the rough location of the model switch. The offline algorithms
are in this case, however, not as decisive.

In practice, the recursive computation of ln←−γ ′
k as in (7.115) (or ln←−γk

as in (7.105)) as well as the computation of the matrix determinants
in (7.117) can be numerically unstable if done over many slices of the
factor graph. The online quantities ln ηℓ and ln η′ℓ do not suffer from such
instabilities because the scale factors are computed only over D slices of
the factor graph.
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Figure 7.19: Example (a): Locating an additional input.

Model parameters Value

ℓ Glue factor position 97
u Glue factor parameter 2
φ Pole angles in A


0.478, 0.137, 0.0420


π

α Pole magnitudes A

0.648, 0.964, 0.164



bT

1, 0, 1, 0, 1, 0



c

0, 1, 0, 1, 0, 1



σ2
U Input noise variance 0.1
σ2
Z Observation noise variance 0.07

Parameters for ln ηℓ and ln η′ℓ
D Backward steps 5
λ Parameter for η′ℓ (7.159) 0.3

Table 7.2: Parameter settings for Figure 7.19.
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Figure 7.20: Example (b): Locating a model change.

Model Parameters Value

ℓ Glue factor position 600

Model A Model B
φM Pole angles in AM


0.3, 0.8


π


0.4, 0.7


π

αM Pole magnitudes in AM

0.6, 0.5

 
0.5, 0.4



bTM

0, 1, 0, 1

 
0, 1, 0, 1



cM

1, 0, 1, 0

 
1, 0, 1, 0



σ2
U,M Input noise variance 0.14 0.1

σ2
Z,M Observation noise variance 0.1 0.1

Parameters for ln ηℓ and ln η′ℓ
D Backward steps 50
λ Parameter for η′ℓ (7.159) 0.8

Table 7.3: Parameter settings for Figure 7.20.
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(a) Unknown pulse shape.
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(b) Known pulse shape.

Figure 7.21: Example (c): Locating a pulse. All model and algorithm
parameters are set as in Tables 7.1 and 7.4.
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Model Parameters Value

ℓ Glue factor position 600
s̃TA Pulse parameter [−0.4038, 0.5688, 1.252,−0.9366]
s̃TB Pulse parameter [−0.2160, 1.330]
ũ Pulse parameter [0.05434,−1.233,−1.037, 1.302]

Parameters for ln ηℓ and ln η′ℓ
D Backward steps 10
λ Parameter for η′ℓ (7.159) 0.8

Table 7.4: Parameter settings for Figure 7.21.





Chapter 8

Hierarchical Likelihood
Filtering

8.1 Introduction

It is evident that for estimation and detection tasks involving complicated,
structured signals, the complexity of a glue factor model as devised in
the previous chapter may be very large. For example, in order to model
a lengthy pulse by means of superposed sinusoids (cf. Section 7.5), many
sinusoids may be required, or we may have to resort to models with
several glue factors, distributed across time.

In this chapter we propose a hierarchical system [87] in which multiple
instances of the likelihood filter of Section 7.2.2 feature. Roughly, the
system consists of

• A population of linear second-order SSMs.

• A population of glue factors each of which is potentially connected
to the state of every SSM.

The twist is that we allow quantities that computed by a glue factor to
be reused as observations.

This twist induces a hierarchy of the signals with lower levels that are
closer connected to the observed signal, and higher levels for which the
observed signal has been processed by many glue factors. We conjecture
that with such a system, signal structure on a longer timescale can be
captured by levels higher up in the hierarchy.

207
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This chapter must be understood as merely a sketch, a first step on a
longer way towards a fully automated hierarchical likelihood filtering
system.

Hierarchical modeling has a long tradition in neural networks [91,92], but
these are usually block-processing based or in the case of recurrent neural
networks [73] a distinction is made between the training phase and the
actual usage phase. Other possibly related but more exotic hierarchical
approaches include [42,43,113].

This chapter has only two sections. In the first section we note that the
most meaningful quantity for the glue factor to compute in this situation
is not a LLR but a posterior probability under a given hypothesis. In
the second section we define the hierarchical likelihood filter, without
mentioning how to put it to use.

8.2 From Log-Likelihood Ratios to Posterior
Probabilities

We recall that likelihoods can assume extreme values ranging in the whole
of R. LLRs are somewhat better behaved but still they can occupy the
whole range of R. We conjecture that the usage of LLRs as observations
for second-order SSMs is not suited, because any sudden change in scale
can feed large amounts of energy into the message passing filter.

We therefore suggest that posterior probabilities, being confined between
0 and 1, are much better suited. In the following we show how we can
convert a LLR into a posterior probability.

Let ỹ , (ỹ1, . . . , ỹK) be an observed signal. Assume that we have two
hypotheses H1 and H0 with an associated prior p(Hi) for i = 0, 1. Instead
of the log-likelihood ratio

LLR , ln
p(ỹ |H1)

p(ỹ |H0)
(8.1)

we consider the posterior probability p(H1 |ỹ). The quantity p(H1 |ỹ)
can be expressed in terms of the LLR and a quantity

LPR , ln
p(H1)

p(H0)
. (8.2)
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which we name log-prior ratio, as

p(H1 |ỹ) =
p(ỹ |H1) p(H1)

p(ỹ)
(8.3)

=
p(ỹ |H1) p(H1)

p(ỹ |H1) p(H1) + p(ỹ |H0) p(H0)
(8.4)

=
eLLR+LPR

1 + eLLR+LPR
(8.5)

=
1

1 + e−LLR−LPR
. (8.6)

This is a sigmoid-type function as used for neural networks [91].

The above can be generalized easily to the multiple hypotheses case.
For the hypotheses H1, . . . ,HM , the posterior probability of any chosen
hypothesis Hk can be expressed as

p(Hk |ỹ) =
p(ỹ |Hk) p(Hk)

p(ỹ)
(8.7)

=
p(ỹ |Hk) p(Hk)
i∈{1,...,M} p(ỹ,Hi)

(8.8)

=
p(ỹ |Hk) p(Hk)

i∈{1,...,M} p(ỹ |Hi) p(Hi)
(8.9)

=
p(ỹ |Hk) p(Hk)

p(ỹ |Hk) p(Hk) +


i∈{1,...,M}\{k} p(ỹ |Hi) p(Hi)
(8.10)

=
R

1 +R
(8.11)

=
1

1 + 1/R
, (8.12)

where

R ,
p(ỹ |Hk) p(Hk)

i∈{1,...,M}\{k} p(ỹ |Hi) p(Hi)
. (8.13)

We remark that in contrast to most scenarios of Chapter 7, we have
introduced a prior PMF p(Hk) on the hypotheses. This PMF can be
regarded as yet another parameter in the model family induced by a glue
factor. We do not treat the estimation of this parameter in this thesis.
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8.3 Concepts and Definitions

The goal is to analyze a given signal ν
(0)
k ∈ R, where k denotes the

discrete time index. The hierarchical system considered here is defined
by:

• A choice for N ∈ N.

• N linear second-order linear SSMs with parameters θn (cf. (8.17))
for n = 1, . . . , N .

• M glue factor constraints with parameters υm (cf. (8.24)) for m =
1, . . . ,M .

• A connection matrix J ∈ {0, 1}N×(M+1).

The n-th SSM is of the form

X
(n)
k = A(n) X

(n)
k−1 +Uk

Y
(n)
k = cX

(n)
k ,

(8.14)

where

A(n) , ρn rotm(Ωn) , c ,

1, 0

, (8.15)

Z
(n)
k

iid∼ N

0, σ2

Z,n


, U

(n)
k

iid∼ N

0 , σ2

U,nI2

. (8.16)

The parameter vector of the n-th model thus is

θn , (ρn,Ωn, σ
2
Z,n, σ

2
U,n) . (8.17)

We define the combined state vector and the combined observation vector
as

Xk ,




X
(1)
k

...

X
(N)
k


 ∈ R

2N and Yk ,




Y
(1)
k

...

Y
(N)
k


 ∈ R

N (8.18)

respectively.

All N glue factors g1, . . . , gN take the form of the factor graph depicted

in Figure 8.1 with H
(m)
n = α

(m)
n rotm(φ

(m)
n ) for n = 1, . . . , N and m =
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=
Um =←−mUm+

N (0 , v
(m)
1 I2)

H
(m)
1

X
(1)
k

+

N (0 , v
(m)
N I2)

H
(m)
N

X
(N)
k

gm

Figure 8.1: The glue factor for hierarchical likelihood filtering.

1, . . . ,M . For every such glue factor we consider the LLR

GLLRm = ln
p(ỹ |H1)

p(ỹ |H0)
, (8.19)

where the two hypotheses are defined as

H1 : um = argmax
um

p(ỹ |um) = ←−mUm
(8.20)

H0 : um = 0 . (8.21)

As detailed in Section 6.3.4, Equation (6.100), this GLLR can be com-
puted as

GLLRm = ←−mT
Um

←−
WUm

←−mUm
/2 . (8.22)

We now define the signals ν
(m)
k for m = 1, . . . ,M to be the posterior

probability

ν
(m)
k , p(H1 |ỹ) =

1

1 + e−GLLRm−LPRm
, (8.23)

where the log-prior ratio LPRm is also a parameter of the glue factor.
The parameter vector of the m-th glue factor hence is

υm ,

LPRm,H

(m)
1 , . . . ,H

(m)
N , v

(m)
1 , . . . , v

(m)
N


. (8.24)
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At first, it seems that every glue factor is connected to each state X
(n)
k .

Any such connection can however be “switched off” by letting v
(m)
n → ∞.

Finally, we use the posterior probabilities as observations by making the
connections

Yk = Jνk , (8.25)

where νT
k , [ν

(0)
k , . . . , ν

(M)
k ]. We might want to impose constraints on

J such that in the resulting computation no cycle occurs. Specifically,

we must have Jn,n+1
!
= 0 and if Jn,m+1 = 1 for some m ≠ n then the

element Jm,n+1 must be 0. This condition can be written compactly as

J′ J′T !
= 0 , (8.26)

where


j0,J

′ , J , (8.27)

i.e., j0 is the first column of J and J′ ∈ R
N×M is the remaining matrix.

Now we can modify the “online likelihood filtering” procedure of Sec-
tion 7.2.2 to the following forward-only algorithm:

Hierarchical Likelihood Filtering:

a) Increment K and fetch the next data item ν
(0)
K .

b) Compute the posterior probabilities ν
(m)
K for all m = 1, . . . ,M by

computing the messages −→µ
X

(n)
K

and applying the glue factor as

in (8.23).

c) Go to Step (a).

Some remarks are due:

• The computation in Step (b) traverses the whole hierarchy and
can only be done if no cyclic dependencies exist, i.e. if (8.26) is
satisfied.
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• If j0 , 1 and J′ , 0, then the algorithm degenerates to the
“online likelihood filtering” procedure of Section 7.2.2 based on a
decomposed model as in Section 3.5 Figure 3.11 whose states at
time k are connected by a glue factor as in Figure 8.1 that has M
different parameter settings.

• In the case of autonomous SSMs and when assuming a separate glue

factor for each model with H
(m)
m = I2, the signals ν

(1)
K , . . . , ν

(M)
K are

related to the discrete-time Fourier transform at Ωn of the modified
signals ρk−K

n ν
(0)
k via (3.43). This setup is achieved if M = N ,

j0 , 1 , J′ , 0, σ2
U,n = 0 for n = 1, . . . , N , and H

(m)
m = I for all

m = 1, . . . , N .

Note that any further processing of such Fourier transform related
quantities can be incorporated by adding further SSMs (increasing
N to N ′), adding further glue factors (increasing M to M ′) and
making connections by adding columns in J. Most notably, we can

again compute Fourier transformed quantities of

ν
(1)
K , . . . , ν

(M)
K



by choosing appropriate matrices H
(m)
n for n = N + 1, . . . , N ′ and

m =M + 1, . . . ,M ′. This type of processing is in essence similar
to the notion of a cepstrum [16].

• The described setup can easily be extended to vector observations

ν
(0)
k ∈ R

nY . In this case, J ∈ {0, 1}N×(M+nY ), and j0 changes into
a matrix J0 ∈ {0, 1}N×nY .

• Cyclic dependencies, i.e. matrices J that violate (8.26), can be con-
sidered if we are willing to introduce a delay by substituting (8.25)
by

Yk = Jνk−1 . (8.28)

• Due to the lack of backward message passing, one can envisage
continuous-time equivalents of this procedure. In this case, cyclic
dependencies may be allowed without delay. There may, however,
result uncontrolled oscillation or chaotic behavior.

In the algorithm as described above, all parameters (N , θn for n =
1, . . . , N , υm for m = 1, . . . ,M , and J) are fixed. This may be well suited
for situations in which we have complete knowledge about the observed

signal ν
(0)
k and about the desired output in all circumstances.
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The algorithm may be extended in many ways to incorporate estimation
of some, or all of the parameters. In principle, the methods presented in
Chapter 4 may be applied to estimate all the parameters in θn and all
the parameters except LPRm in υm for each m = 1, . . . ,M separately. A
general scenario of such glue factor learning for a single glue factor was
elaborated on in Section 7.3.1. The situation at hand suggests the special
case of forward-only message passing in the graph of Figure 7.5 for every
parameter. This approach might be applicable to the analysis of signals
about which we have partial knowledge, such as, e.g., quasi-periodic
signals with an unknown number of harmonics.

The estimation of LPRm is not treated in this thesis. This parameter
may have a high impact on the performance of the algorithm.

The entries in J seem to be interlinked with the parameters v
(m)
n , and

hence we believe that estimation of J is related to a hard decision version
of estimation of v

(m)
n .

The scenario changes dramatically, if we furthermore let N and M vary
over time. We now envisage a population of SSMs and glue factors, in
which at each time step we can ask ourselves the question whether to add
or drop members of this population. Care must be taken to guard against
overfitting: If the N and M are estimated in an ML sense then these
values will keep increasing until the number of parameters is comparable
to the numbers of degrees of freedom in the signal. One way to fight
this explosion of parameters may be the Bayesian view of Section 6.5.1,
i.e. the assumption of a prior on N and M . More generally Dirichlet
processes may be used for this task, cf. [102] and references therein.

Estimation of all the parameters (and possibly hyper-parameters) of this
algorithm may lead to a genuine fully automated signal analysis frame-
work, of which special cases are related to the algorithms of Chapter 7.
It seems that this is a promising open direction for further research.



Chapter 9

Conclusion and Outlook

First and foremost, a formalism has been developed to deal consistently
with scale factors in sum-product message passing. At the heart of this
formalism stands the definition of the two types of scale factors and the
update rules in Table 6.2–6.4 together with the proofs in Appendix C.
Despite the fact that in many cases such scale factors can be neglected,
they have prooved to be very useful in derivations throughout this chapter.

We have considered various procedures for computing quantities related
to the likelihood of the given observation under some statistical model.
In all these models, we have taken the common view of a glue factor.
Clearly this view has lead to a wealth of possible quantities of interest
that can be computed by the general procedure of likelihood filtering:

a) Do forward message passing.

b) Do backward message passing.

c) From the messages (and scale factors) compute the quantities of
interest.

Although the general structure and complexity of this algorithm is the
same as the computation of marginals by sum-product message passing,
we are able to compute more elaborate quantities such as LLRs and solve
more intricate problems such as model change detection.

As a special case of interest we mention the forward-only scenario, in
which Step (b) is omitted from the above procedure and the glue factor
always is located at the end of the signal. This special case has inspired
us to propose a hierarchical likelihood filtering procedure, whose usability
still has to be shown in the future.
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We treat mostly the Gaussian case here. It would be worth while to take
a closer look at the discrete case. It is suspected that in the course of
the development of decoding algorithms based on factor graphs, many of
the findings here have been already derived in the different scenario of
the discrete case.

One of the severest short-comings of this thesis is the absence of a
method to compute detection thresholds. Most notably, this precludes
the completion of algorithms that are based on solving multiple detection
problems.

On the same line, one can think of ways to introduce a measure of model
complexity [5, 96, 100] in the framework of factor graphs. This would
solve the same problem as in the previous paragraph but from a model
selection point of view. It may well turn out that these problems can
again be addressed in a factor graph framework.

Finally, we hope that many of the algorithms that are merely sketched in
this thesis find applications in the real world. It is the authors believe that
the potential of the approaches in this thesis are not yet fully exploited
by far.
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“You learn by your mistakes. If you don’t make mistakes,
you are not trying hard enough.”

Sir Robin Keith Saxby, (1947–)



Appendix A

Analytic Messages for
Second-Order
Autonomous Systems

A.1 Proofs for −→
µXK

In the following we give the proofs of the results in Section 3.3.3 for the
forward message −→µXK

in the factor graph of Figure 3.7.

Using the same approach as in Section 2.6 we can write
−→
WXK

as

−→
WXK

=
1

σ2
Z

K

k=1

γK−k

Ak−K

T
cTcAk−K (A.1)

=
1

σ2
Z

K−1

k=0

γk

A−k

T
cTcA−k (A.2)

=
1

σ2
Z

K−1

k=0

−→υ k


cos2(kΩ) cos(kΩ) sin(kΩ)

cos(kΩ) sin(kΩ) sin2(kΩ)


(A.3)

=
1

2σ2
Z

K−1

k=0

−→υ k


I2 +


cos(2kΩ) sin(2kΩ)

sin(2kΩ) − cos(2kΩ)


, (A.4)

where −→υ , γ/ρ2. The sum over the geometric series −→υ k is standard. For
the sum involving the trigonometric terms −→υ k cos(2kΩ) and −→υ k sin(2kΩ),
complex expansions of these terms can be used and the terms in (3.39)–
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(3.41) result. In the case where −→υ = 1, Equations (3.39)–(3.41) simplify
to

a

d
=

sin(KΩ) cos(KΩ− Ω)

sinΩ
, (A.5)

b

d
=

sin(KΩ) sin(KΩ− Ω)

sinΩ
, (A.6)

and (3.44) results.

In the case where −→υ < 1, the steady-state precision matrix
−→
WX given in

Equation (3.50) is obtained by letting K go to infinity in Equation (A.4).
Note that, alternatively, the same result can be obtained by solving the
Lyapunov equation (cf. Section 3.3.1)

−→
WX = −→υA−T−→WXA−1 +


σ−2
Z 0

0 0


. (A.7)

For the analytic expression (3.43) of the weighted mean we again use the
approach of Section 2.6 as

−→
WXK

−→mXK
=

1

σ2
Z

K

k=1

γK−kỹk

Ak−K

T
cT (A.8)

=
rotm(KΩ)

σ2
Z

K

k=1

(γ/ρ)K−kỹk


cos(−kΩ)
sin(−kΩ)


(A.9)

=
rotm(KΩ)

σ2
Z

K

k=1

(γ/ρ)K−kỹk


cos(kΩ)

− sin(kΩ)


. (A.10)

A.2 Proofs for ←−µX0

In the following we give the proofs of the results in Section 3.3.3 for the
backward message ←−µX0 in the factor graph of Figure 3.8.
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Using an analogous approach to the one in Section 2.6 we can write
←−
WX0

←−
WX0

=
1

σ2
Z

K

k=1

γk

Ak
T
cTcAk (A.11)

=
1

σ2
Z

K

k=1

←−υ k


cos2(kΩ) − cos(kΩ) sin(kΩ)

− cos(kΩ) sin(kΩ) sin2(kΩ)


(A.12)

=
1

2σ2
Z

K

k=1

←−υ k


I2 −


− cos(2kΩ) sin(2kΩ)

sin(2kΩ) cos(2kΩ)


, (A.13)

where ←−υ , γρ2. The sum over the geometric series ←−υ k is standard. For
the sum involving the trigonometric terms ←−υ k cos(2kΩ) and ←−υ k sin(2kΩ),
complex expansions of these terms can be used and the terms in (3.39),
(3.52), and (3.53) result. In the case where ←−υ = 1, these equations
simplify to (A.5) and (A.6) and (3.56) results.

In the case where ←−υ < 1, the steady-state precision matrix
−→
WX given in

Equation (3.61) is obtained by letting K go to infinity in Equation (A.13).

For the analytic expression (3.55) of the weighted mean we again use an
approach analogous to the one of Section 2.6 as

←−
WX0

←−mX0
=

1

σ2
Z

K

k=1

γkỹk

Ak
T
cT (A.14)

=
1

σ2
Z

K

k=1

(γρ)kỹk


cos(kΩ)

− sin(kΩ)


. (A.15)





Appendix B

Proofs for Chapter 4

B.1 About Rotation Matrices

We define the un-scaled rotation matrix for an angle α as

rotm(α) ,


cosα − sinα

sinα cosα


, (B.1)

and the scaled rotation matrix for a vector x , [ x1
x2

] , ρ [ cosαsinα ] as

rotm(x) ,


x1 −x2
x2 x1


= ρ rotm(α) , (B.2)

where ρ =
√
xTx, and α = arctan2(x1, x2). In (B.1) and (B.2), we have

defined two different operators, for both of which we use the symbol
rotm(·). They are distinguished solely by the dimensionality of the
argument.

A rotation matrix R , ρ rotm(α) maps a point in R
2 as follows:

R
2 → R

2 (B.3)

x → Rx (B.4)

ν


cosφ

sinφ


→ νρ


cos(φ+ α)

sin(φ+ α)


. (B.5)

We do not consider rotations in higher dimensions than R
2.
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The following properties of rotation matrices can easily be verified:

rotm(x) rotm(y) = rotm(y) rotm(x) (B.6)

rotm(x)y = rotm(y)x (B.7)

rotm

rotm(x)y


= rotm(x) rotm(y) . (B.8)

The rotmn,m operator as defined in (4.30) consists merely of a stack
of rotm operators as in (B.2) and ordinary scalar multiplications. The
properties (B.6)–(B.8) also hold in this case

rotmn,m(x) rotmn,m(y) = rotmn,m(y) rotmn,m(x) , (B.9)

rotmn,m(x)y = rotmn,m(y)x , (B.10)

rotmn,m


rotmn,m(x)y


= rotmn,m(x) rotmn,m(y) . (B.11)

The rotmn,m matrix operator can be decomposed as follows:

rotmn,m(x) = Ī diag(x) Ī+ I1 diag(x) I2 + I3 diag(x) I4 , (B.12)

where

Ī ,


In 0

0 02m


(B.13)

I1 ,


0n 0

0 Im ⊗ [ 1 1
0 0 ]


, I2 ,


0n 0

0 Im ⊗

1 0
0 −1



, (B.14)

I3 ,


0n 0

0 Im ⊗ [ 0 0
1 1 ]


, I4 ,


0n 0

0 Im ⊗ [ 0 1
1 0 ]


. (B.15)

Property (B.12) is not the only way of decomposing a rotation matrix.
All possible decompositions into matrices with unit Frobenius norm can
be derived from

rotm(x) =


1 0

0 1


diag(x)


1 0

1 0


+


0 i

1 0


diag(x)


0 1

0 i


(B.16)

=


0 0

1 1


diag(x)


0 1

1 0


+


1 i

0 0


diag(x)


1 0

0 i


. (B.17)
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+
(Y =mY =mXk

)

N (0 ,VU )

× S

A

=

Θk (,Θ)

Xk−1 =mXk−1

(,X =mX)

Figure B.1: Local view for cyclic maximization (CM).

B.2 Proofs for Theorem 4.1

B.2.1 Proof of Equations (4.32)–(4.34)

In Figure B.1, we have drawn the factor graph for the second CM
step (4.8). Note that all state variables are fixed as Xk = mXk

. We
use the local labels X, Y , and Θ in the factor graph of Figure B.1. We
compute ←−µΘ from ←−µS(s) = N (s|mY ,VU ) as

←−µΘ(θ) =

N (s|mY ,VU ) δ


s−A(θ)mX


ds (B.18)

= N

A(θ)mX

mY ,VU


(B.19)

∝ exp

−(A(θ)mX −mY )

T
WU (A(θ)mX −mY )/2


(B.20)

= exp

−(Rθ −mY )

T
WU (Rθ −mY )/2


(B.21)

= exp

−

θ −R−1mY


RTWUR


θ −R−1mY


/2

, (B.22)

where R , rotmn,m(mX). In (B.21) we have used Property (B.10) of
the rotmn,m operator.
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+
(Y )

N (0 ,VU )

U

×

A

Θk (,Θ)

Xk−1

(,X)

Figure B.2: Local view for expectation maximization (EM).

B.2.2 Proof of Equations (4.35) and (4.36)

We start directly from Equation (89) in [26]. The EM message with
respect to the local factor graph in Figure B.2 is ←−µΘ(θ) ∝ eη(θ) with

η(θ) = −1

2
E

XT A(θ)T WZ A(θ)X


  

,E1

+E

XT A(θ)T WU Y


  

,E2

, (B.23)

where the expectation in E1 is with respect to

p

x
θ̂

∝ −→µX(x)←−µX(x) , (B.24)

and the expectation in E2 is with respect to

p

x,y

θ̂

∝ −→µX(x)←−µY (y) fk(x,y, θ̂) . (B.25)

We compute the first expectation as

E1 = E

(X −mX)TA(θ)T WUA(θ)(X −mX)



+mT
X A(θ)T WU A(θ)mX

(B.26)

= E

tr

(X −mX)TA(θ)T WU A(θ)(X −mX)



+mT
XA(θ)T WU A(θ)mX

(B.27)

= E

tr

A(θ)T WU A(θ)(X −mX)(X −mX)T



+mT
X A(θ)T WU A(θ)mX

(B.28)

= tr

A(θ)T WU A(θ)E


(X −mX)(X −mX)T



+mT
X A(θ)T WU A(θ)mX

(B.29)

= tr

A(θ)T WU A(θ)VX


  

,T1

+mT
X A(θ)T WU A(θ)mX  

,S1

. (B.30)
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Using Property (B.10) we can write the term S1 as

S1 = θT rotmn,m(mX)T WU rotmn,m(mX)θ . (B.31)

By applying Property (B.12) to A(θ), the trace T1 in E1 can be written
as

T1 = tr


Ī T Ī+ I1 TI2 + I3 TI4
T

WU

·

Ī T Ī+ I1 TI2 + I3 TI4


VX

 (B.32)

= tr

Ī TWU T ĪVX


+ 2 tr


IT2 TIT1 WU I3 TI4 VX



+ tr

IT2 TIT1 WU I1 TI2 VX


+ tr


IT4 TIT3 WUI3 TI4 VX

 (B.33)

= tr

TWU T ĪVX Ī


+ 2 tr


TIT1 WU I3 TI4 VX IT2



+ tr

TIT1 WU I1 TI2VX IT2


+ tr


TIT3 WU I3 TI4 VX IT4


,
(B.34)

where T , diag(θ). Next, we apply the identity (E.9), which we repeat
here for convenience:

tr

diag(x)A diag(y)BT


= xT(A⊙B)y . (B.35)

Equation (B.35) is proved in E.2 using the linear algebra interpretation
of factor graphs.

T1 = θT

WU ⊙


Ī VX Ī


θ + θT


2

IT1 WU I3


⊙

I4 VX IT2


θ

+ θT


IT1 WU I1

⊙

I2 VX IT2


θ

+ θT


IT3 WU I3

⊙

I4 VX IT4


θ

(B.36)

= θT

WU ⊙


Ī VX Ī


+ 2

IT1 WU I3


⊙

I4 VX IT2



+

IT1 WU I1


⊙

I2 VX IT2



+

IT3 WU I3


⊙

I4 VX IT4


θ .

(B.37)
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We now turn to the second expectation:

E2 = E

(X −mX)TA(θ)T WU (Y −mY )



+mT
X A(θ)T WU mY

(B.38)

= E

tr

(X −mX)TA(θ)T WU (Y −mY )



+mT
X A(θ)T WU mY

(B.39)

= E

tr

A(θ)T WU (Y −mY )(X −mX)T



+mT
X A(θ)T WU mY

(B.40)

= tr

A(θ)T WU E


(Y −mY )(X −mX)T



+mT
X A(θ)T WU mY

(B.41)

= tr

A(θ)T WU VXY T


  

,T2

+mT
X A(θ)T WU mY  

,S2

. (B.42)

Using Property (B.10) we can write the term S2 as

S2 = θT rotmn,m(mX)T WU mY . (B.43)

By applying Property (B.12) to A(θ), the trace T2 in E2 can be written
as

T2 = tr

Ī T Ī+ J1 TI2 + I3 TI4


WU VXY T


(B.44)

= tr

Ī TWU VXY T


+ tr


I1 TI2 WU VXY T



+ tr

I3 TI4 WU VXY T

 (B.45)

= tr

TWU VXY T Ī


+ tr(TI2 WU VXY T I1)

+ tr(TI4 WU VXY T I3) ,
(B.46)

where T , diag(θ). Now we use again the identity (B.35):

T2 = θT diag

WU VXY T Ī


+ θT diag


I2 WU VXY T I1



+ θT diag

I4 WU VXY T I3

 (B.47)

= θT diag

WU VXY T Ī+ I2 WU VXY T I1

+ I4 WU VXY T I3

.

(B.48)

We finally insert the terms Ei = Ti + Si for i = 1, 2 in the exponent η(θ)
(Equation (B.23) and compare the resulting EM message with the scaled
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+
(Y )

N (0 ,VU )

+

R

+
−θ̂

Θk (,Θ)

A(θ̂)
Xk−1

(,X)

Figure B.3: Local view for linearization.

Gaussian PDF

←−µΘ(θ) ∝ exp

−θT

←−
WΘ θ/2 + θT

←−
WΘ
←−mΘ


(B.49)

and Part (b) of Theorem 4.1 is proved.

B.2.3 Proof of Equations (4.39)–(4.41)

First we note that Example 4.2 generalizes without modification from
the rotm operator to the rotmn,m operator. We repeat the procedure in
the following. Consider the constraint f(x,θ,y) = δ


h(x,θ,y)


, where

h(x,θ,y) , y− rotmn,m(θ)x with x,θ,y ∈ R
n+2m. Since the operating

point x̂ = −→mX , θ̂ arbitrary, ŷ = A(θ̂)−→mX satisfies the constraint we can
write (4.20) as

h̃(x,θ,y) =

−A(θ̂) −R In+2m


  

,H




x−−→mX

θ − θ̂

y −A(θ̂)−→mX


 (B.50)

= y −A(θ̂)−→mX −A(θ̂)(x−−→mX)−R(θ − θ̂) (B.51)

= y −A(θ̂)x−Rθ +R θ̂ (B.52)

= y −A(θ̂)x−R(θ − θ̂) , (B.53)

where R , rotmn,m(−→mX).

Figure B.3 shows the resulting local factor graph (including the state
noise U for easier comparison with Figures 4.7, B.1, and B.2). The
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expression for
←−
VΘ in (4.39) follows from straightforward applications of

update rules for Gaussian messages. Equation (4.41) is derived as

←−mΘ = R−1←−mY −R−1 A(θ̂)−→mX + θ̂ (B.54)

= R−1←−mY −R−1 R θ̂ + θ̂ (B.55)

= R−1←−mY , (B.56)

where we have used Property (B.10) in the second equality. Equa-
tion (4.40) results straightforwardly from (4.39) and (4.41).

B.3 Variance Estimation by Expectation Max-
imization

B.3.1 Inverse-Wishart and Inverse-Gamma Distribution

The inverse-Wishart PDF on a matrix s ∈ S
n
≻0 is

W−1(s|ν,Ψ) = ζ (det s)
−(ν+n+1)/2

e− tr(Ψs
−1)/2 , (B.57)

where

ζ =
(detΨ)

ν/2

2νn/2 Γn


ν
2

 (B.58)

is the normalization constant in which Γn is the multivariate gamma
function, Ψ ∈ S

n
≻0 is the inverse scale matrix, and ν > n − 1 are the

degrees of freedom. The inverse-Wishart PDF has one mode at

argmax
s∈Sn≻0

W−1(s|ν,Ψ) =
Ψ

ν + n+ 1
. (B.59)

The inverse-Gamma PDF on a scalar s ∈ R>0 is

G−1(s|α, β) = ζ s−(α+1) e−β/s , (B.60)

where

ζ =
βα

Γ(α)
(B.61)
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N (0 , s)

U

S

Figure B.4: Local view for expectation maximization (EM).

is the normalization constant in which Γ is the gamma function. The
inverse-Gamma PDF has one mode at

argmax
s∈R>0

G−1(s|α, β) = β

α+ 1
. (B.62)

B.3.2 Expectation Maximization Message: the Matrix
Case

According to Equation (4.10), the EM message with respect to the local
factor graph in Figure B.4 is ←−µS(s) ∝ eη(s) with

η(s) = Eplocal
[lnN (U |0 , s)] , (B.63)

where

plocal

x
ŝ

∝ −→µU (u)←−µU (u) . (B.64)

Now we formulate η(s) up to a constant as

η(s) = ln(det s)
−1/2 − E


XTs−1X


/2 + const (B.65)

= ln(det s)
−1/2 − E


tr

XTs−1X


/2 + const (B.66)

= ln(det s)
−1/2 − E


tr

XXTs−1


/2 + const (B.67)

= ln(det s)
−1/2 − tr


E

XXT


s−1

/2 + const (B.68)

= ln(det s)
−1/2 − tr


VX −mXmT

X


s−1

/2 + const , (B.69)

such that ←−µS is proportional to an inverse-Wishart PDF (B.57) with

parameters ←−νS and
←−
ΨS as given in (4.59) and (4.60) respectively.
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B.4 Proof of Equations (4.51) and (4.52)

We start from Equation (4.47) by plugging in the message parameters
←−
WΘk

and
←−
WΘk

←−mΘk
from (4.32) and (4.33) respectively and by using the

definition WU , σ−2
U I2M as

ln←−µΩk
(ω) =

−θ(ω)T rotm0,M (mXk−1
)T rotm0,M (mXk−1

)θ(ω)

σ2
U

+
θ(ω)T rotm0,M (mXk−1

)TmXk

σ2
U

+ const

(B.70)

∝ −mT
Xk−1

rotm0,M (θ(ω))
T
rotm0,M (θ(ω))mXk−1

+mT
Xk

rotm0,M (mXk−1
)θ(ω) + const′

(B.71)

= mT
Xk

rotm0,M (mXk−1
)θ(ω) + const′′ . (B.72)

To obtain (B.71) we have used the property (B.10) of the rotmn,m(·)
operator and for (B.72) we note that due to the definition (4.46) of θ(ω)

rotm0,M (θ(ω))
T
rotm0,M (θ(ω)) = I2M . (B.73)

The coefficients
←−
ξΩk

in (4.51) and (4.52) follow directly from (B.72).



Appendix C

On Scale Factors

C.1 Neutral Modifications of Graphs

Here, we elaborate on transforming one factor graph into another by
doing a local modification without changing the global function. Such
transformations will be used later in some proofs. More general such
transformations in a setting of discrete-valued variables are treated, e.g.,
in [1].

Reversing a multiplication

Assume that a factor graph contains the local factor δ(y − Ax) as in
Figure C.1 on the left. If A is nonsingular then this graph can be
transformed into the one on the right, but an additional factor |detA|−1

appears due to the fact that inside an integral we can substitute

δ(y −Ax) =
δ

x−A−1y



|detA| . (C.1)

A
YX

=
Y

A−1=
X

detA−1


Figure C.1: Reversing a multiplication.
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X

=
X ′′X

X ′

a)

+
X ′′X

X ′ =0

b)

=
X ′′

A

X ′

X

U

c)

+
X ′′

A

X ′

X

U =0

d)

Figure C.2: Neutral modifications of a factor graph.

We emphasize that this transformation is only valid in the continuous case,
i.e. if X ∈ R

nX and Y ∈ R
nY . In the discrete case, the factor |detA|−1

does not appear. E.g., in a scalar discrete setup let X ∈ {x1, . . . , xn},
a ∈ R \ {0}, and Y ∈ {ax1, . . . , axn}. The constraint now is a Kronecker
delta δ[y − ax] which can safely be substituted by δ[x − y/a] in the
summation.

Neutral modifications

Figure C.2 shows two local modification that can be done to any edge in
any factor graph without changing the global function. This is proved as
follows. In all five factor graphs in Figure C.2, let f1(x, . . .) and f2(x, . . .)
be the two parts of the factor graph, to which the edge X is connected
(to the left and the right respectively).
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Equivalences a) and c) are now proved as


f1(x, . . .) f2(x

′′, . . .) δ(x′′ − x) δ(x′ − x) δ(u−Ax′) du dx′′ dx′

(C.2)

=


f1(x, . . .) f2(x

′′, . . .) δ(x′′ − x) δ(x′ − x) dx′′ dx′ (C.3)

= f1(x, . . .) f2(x, . . .) , (C.4)

and equivalences b) and d) are proved as


f1(x, . . .) f2(x

′′, . . .) δ(x′′ − x− u) δ(u−A · 0 ) du dx′′ (C.5)

=


f1(x, . . .) f2(x

′′, . . .) δ(x′′ − x− 0 ) dx′′ (C.6)

= f1(x, . . .) f2(x, . . .) . (C.7)

Note that the modifications in Figure C.2 are neutral also in the discrete
setting, i.e., if X takes value in a finite set. In Equations (C.2)–(C.7) we
simply substitute Dirac deltas by Kronecker deltas and integrations by
summations.

C.2 Proofs for Table 6.1

General node p(y |x)

Equation (I.1) is proved as follows:

−→
βY =


−→µX(x) p(y |x) dx dy (C.8)

=


−→µX(x)


p(y |x) dy dx (C.9)

=


−→µX(x) dx . (C.10)
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Equation (I.2) is proved as follows:

←−γX =


←−µY (y) p(y |0 ) dy (C.11)

=


←−µY (y) δ(y) dy (C.12)

= ←−µY (0 ) . (C.13)

Prediction node p(ỹ, z |x)

Equation (I.3) is proved as follows:

−→
βZ =


−→µX(x) p(ỹ, z |x) dx dz (C.14)

=
−→
βX


−→pX(x) p(ỹ, z |x) dx dz (C.15)

=
−→
βX

−→ppY (ỹ) . (C.16)

The first equality is due to the definition (6.2) of the scale factor
−→
βX and

the sum-product rule. In the second equality we merely have written the

message −→µX(x) =
−→
βX

−→pX(x) in terms of its scale factor and a properly
scaled PDF. For the last equality, first note that the integral in Equa-
tion (C.15) is a properly scaled PDF. Second, a factor ←−µZ(z) = 1 can be
inserted in the integrand without any consequences. Thus the prediction
PDF is formed.

C.3 Proofs for Table 6.2

Multiplication node

Equations (II.1) and (II.2) are special cases of (I.1) and (I.2) for p(y |x) =
δ(y −Ax). Note that the condition p(y |0 ) = δ(y) for Equation (I.2) is
satisfied.

For nonsingular A, Equations (II.3) and (II.4) are proved by reversing
the multiplication as in Figure C.1 and then applying (II.1) and (II.2)
respectively.
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Equality node

Equation (II.5) is a special case of (I.2). To prove this we rename in
the graph of (II.5) the edges X → U and Y → V . the special case is
defined by U = X and V T =


Y T,ZT


, and

p(v |u) , δ


v −


I

I


u


. (C.17)

With these definitions we get

p(v |u) = δ(y − x) δ(z − x) , (C.18)

which is the constraint for the equality node.

Addition node

Equation (II.6) is a special case of (I.1). To prove this, we rename in
the graph of (I.1) the edges X → U and Y → V . The special case is
defined by UT ,


XT,Y T


, V , Z, and

p(v |u) , δ

v −


I −I


u

. (C.19)

With these definitions we get

p(v |u) = δ(z − x− y) , (C.20)

which is the constraint of the addition node.

C.4 Proofs for Tables 6.3 and 6.4

Multiplication node

Equation (III.1) is proved by starting with (II.1), converting both sides
from β to γ using (6.16) as

−→γY


(2π)n

det
−→
WY

e
−→mT

Y

−→
WY

−→mY /2 = −→γX


(2π)m

det
−→
WX

e
−→mT

X

−→
WX

−→mX/2 , (C.21)
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=
Z

−→µX
X

←−µY

Y

−→
βZ

=

−→µX
X

←−µY

Y

−→
βZ

+
U =0

−→µX
X

←−µY

Y

−→
βZ

Figure C.3: Proof of (III.3).

and finally noting that

−→mT
Y

−→
WY

−→mY = −→mT
XAT−→WY A

−→mX , (C.22)

where
−→
WY =


A
−→
W−1

X AT
−1

.

Similarly, Equation (III.2) is proved by starting with (II.2), converting
both sides from γ to β using (6.16) as

←−
βX


det
←−
WX

(2π)m
e−
←−mT

X

←−
WX

←−mX/2 =
←−
βY


det
←−
WY

(2π)n
e−
←−mT

Y

←−
WY
←−mY /2 , (C.23)

and finally noting that

←−mT
X

←−
WX
←−mX = ←−mT

Y

←−
WY A

←−
WXAT←−WY

←−mY , (C.24)

where
←−
WX =


AT
←−
W−1

Y A
−1

.

Equality node

For the proof of Equation (III.3) consider the sequence of equivalent
graphs shown in Figure C.3. Clearly, the closed box value of the leftmost

graph is the definition of
−→
βZ . The subsequent graphs are obtained using

neutral modifications (cf. Section C.1). Now we write the closed box
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+
Z =0

−→µX
X

−→µY

Y

−→γZ
=

−→µX
X

−1

−→µY

Y

−→γZ

=
U

−1

−→µY

Y

−→µX
X

−→γZ

Figure C.4: Proof of (III.4) and (III.5).

value of the rightmost graph as

−→
βZ = ←−µU (0 ) (C.25)

= ←−γU (C.26)

=

←−
βU

(2π)n det
←−
VU

e−
←−mT

U

←−
V

−1
U
←−mU/2 (C.27)

=

−→
βX
←−
βY

(2π)n det
←−
VU

e−
←−mT

U

←−
V

−1
U
←−mU/2 . (C.28)

In the third equality we have used the translation (6.16) between β and
γ. In the last equality we have used the update rule (II.7). Finally,

←−
VU =

−→
VX +

←−
VY , (C.29)

←−mU = −→mX +←−mY , (C.30)

due to the standard update rule for the addition node.

Addition node

For the proof of Equation (III.4) consider the sequence of graphs shown
in Figure C.4. Clearly, the closed box value of the leftmost graph is
the definition of −→γZ . The subsequent graphs are obtained using neutral
modifications as in Section C.1. Now we write the closed box value of
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=
Z

A

←−µY

Y

−→µX
X

−→
βZ

A

←−µY

Y

−→µX
X

−→
βZ

+
U =0

A

←−µY

Y

−→µX
X

−→
βZ

Figure C.5: Proof of (IV.1).

the rightmost graph as

−→γZ =


−→µU (u) du (C.31)

=
−→
βU (C.32)

= −→γU


(2π)n

det
−→
WU

e
−→mT

U

−→
WU

−→mU/2 (C.33)

= −→γX−→γY


(2π)n

det
−→
WU

e
−→mT

U

−→
WU

−→mU/2 . (C.34)

In the third equality we have used the translation (6.16) between β and
γ. In the last equality we have used the update rule (II.5) for γ through
the equality node. Finally,

−→
WU =

−→
WX +

−→
WY , (C.35)

−→
WU

−→mU =
−→
WX

−→mX −−→
WY

−→mY , (C.36)

(C.37)

due to the standard update rule for the equality node.

For the proof of Equation (III.5), an analogous sequence of equivalent
graphs can be drawn. The only difference is the lack of the factor −1
because of the direction reversal.
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Composite equality/multiplication block

For the proof of Equation (IV.1) consider the sequence of equivalent
graphs shown in Figure C.5. Clearly, the closed box value of the leftmost

graph is the definition of
−→
βZ . The subsequent graphs are obtained using

neutral modifications (cf. Section C.1). Now we write the closed box
value of the rightmost graph as

−→
βZ = ←−µU (0 ) (C.38)

= ←−γU (C.39)

=

←−
βU

(2π)n det
←−
VU

e−
←−mT

U

←−
V

T
U
←−mU/2 (C.40)

=

−→
βX
←−
βY

(2π)n det
←−
VU

e−
←−mT

U

←−
V

T
U
←−mU/2 . (C.41)

In the third equality we have used the translation (6.16) between β and
γ. In the last equality we have used the update rules (II.1) and (II.7).
Finally,

←−
VU =

−→
VU +A

←−
VXAT , (C.42)

←−mU = A−→mX +←−mY , (C.43)

due to the standard update rules for the multiplication node and the
addition node.

Composite addition/multiplication block

For the proof of Equation (IV.2) consider the sequence of equivalent
graphs shown in Figure C.6. Clearly, the closed box value of the leftmost
graph is the definition of −→γZ . The subsequent graphs are obtained using
neutral modifications (cf. Section C.1). We now write the closed box
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+
Z =0

A

←−µY

Y

−→µX
X

−→γZ
=

−1

A

←−µY

Y

−→µX
X

−→γZ
=

−1

A

=
U

←−µY

Y

−→µX
X

−→γZ

Figure C.6: Proof of (IV.3).

value of the rightmost graph as

−→γZ =


−→µU (u) du (C.44)

=
−→
βU (C.45)

= −→γU


(2π)n

det
−→
WU

e
−→mT

U

−→
WU

−→mU/2 (C.46)

= −→γX −→γY


(2π)n

det
−→
WU

e
−→mT

U

−→
WU

−→mU/2 . (C.47)

In the third equality we have used the translation (6.16) between β and
γ. In the last equality we have used the update rules (II.2) and (II.5).
Finally,

−→
WU =

−→
WY +AT−→WXA , (C.48)

−→
WU

−→mU =
−→
WY

−→mY −AT−→WX
−→mX , (C.49)

due to the standard update rules for the multiplication node and the
addition node.

For the proof of Equation (IV.3), an analogous sequence of equivalent
graphs can be drawn. The only difference is the lack of the factor −1
because of the direction reversal.



Appendix D

Proofs for Chapter 7

D.1 Proof of Equations (7.8)–(7.11)

For Equation (7.8) we recall that the factor graph represents a joint
PDF/PMF p(x,y,θ, ℓ) with some normalization constant ζ and we can
write the conditional marginal as

p(θ, ℓ|ỹ) = p(ỹ,θ, ℓ)

p(ỹ)
=
µΘℓ

(θ)

ζ
· ζ
K

j=0 βΘℓ

. (D.1)

Equation (7.9) is a direct application of Theorem 6.2b.

For Equation (7.10) we note that, in the strictly conditional case, the
factor graph represents a conditional PDF/PMF p(x,y, ℓ|θ) with some
normalization constant ζθ and we can write

p(ℓ|ỹ,θ) = p(ỹ,θ |ℓ)
p(ỹ |ℓ) =

µΘℓ
(θ)

ζθ
· ζθ
K

j=0 µΘℓ
(θ)

. (D.2)

In the re-normalized case the factor graph is re-normalized by some
normalization function ζ(θ) and a similar expression as in (D.2) results
with the sole difference that ζθ is exchanged by ζ(θ).

Finally, for Equation (7.11) we note that, in the strictly conditional case,
the factor graph represents a conditional PDF p(x,y,θ |ℓ) with some
normalization constant ζℓ and we can write

p(θ |ỹ, ℓ) = p(ỹ,θ |ℓ)
p(ỹ |ℓ) =

µΘℓ
(θ)

ζℓ
· ζℓ

βΘℓ

. (D.3)
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In the re-normalized case the factor graph is re-normalized by some
normalization function ζ(ℓ) and a similar expression as in (D.3) results
with the sole difference that we ζℓ is exchanged by ζ(ℓ).

D.2 Proof of Equations (7.99) and (7.102)

To prove (7.99) we choose Uℓ = XA
ℓ . By using (6.11), the LLR of

Equation (7.98) can be written as

LLRℓ = log
γXA

ℓ
γ◦Xℓ |A

γ◦
XA

ℓ

γXℓ |A
+ log


νXA

ℓ
(x) dx


ν◦Xℓ |A (x′) dx′


ν◦
XA

ℓ

(x′′) dx′′  νXℓ |A (x′′′) dx′′′ . (D.4)

We now concentrate on the first term and use (II.5) as

γXA
ℓ
γ◦Xℓ |A

γ◦
XA

ℓ

γXℓ |A
=

−→γXA
ℓ

←−γXA
ℓ

−→γ ◦
XA

ℓ

←−γ ◦
Xℓ |A

−→γ ◦
XA

ℓ

←−γ ◦
XA

ℓ

−→γXA
ℓ

←−γXℓ |A
=

←−γXA
ℓ

←−γ ◦
Xℓ |A

←−γ ◦
XA

ℓ

←−γXℓ |A
, (D.5)

where −→γXA
ℓ

and −→γ ◦
XA

ℓ

have canceled. A similar argument can be made to

show that
−→
βXA

ℓ
and

−→
β ◦
XA

ℓ

cancel as well. Equation (7.99) is established

by noting that

←−γXA
ℓ
= ←−µXA

ℓ
(0 ) (D.6)

=


←−µXB

ℓ
(x) g(0 ,x, ℓ) dx (D.7)

= ←−γXB
ℓ


←−νXB

ℓ
(x) g(0 ,x, ℓ) dx , (D.8)

and similarly

←−γ ◦
XA

ℓ

= ←−µ◦
XA

ℓ

(0 ) (D.9)

=


←−µ◦
XB

ℓ

(x′) g(0 ,x′, ℓ) dx (D.10)

= ←−γ ◦
XB

ℓ


←−ν ◦
XB

ℓ

(x′) g(0 ,x′, ℓ) dx′ . (D.11)

To prove (7.102) we also choose Uℓ = XA
ℓ . By using (6.11), the log-

likelihood under hypothesis Hℓ can be written as

log p(ỹ |Hℓ) = log
γXA

ℓ

γ◦
XA

ℓ

+ log


νXA

ℓ
(x) dx


ν◦
XA

ℓ

(x′) dx′ . (D.12)
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Equation (7.102) is established by using (D.11), plugging into (7.101)
and noting that all scale factors cancel.

D.3 Proof for Recursive Computation of ln←−γk
(Equations (7.104)–(7.108)) and ln←−γ ′

k
(Equa-

tion (7.115))

First note for the initial value ln←−γK+1 that we have

←−γK+1 =

←−γXB
K+1

←−γ ◦
XK+1 |A

←−γ ◦
XB

K+1

←−γXK+1 |A
=
fK+1(0 )

fK+1(0 )
= 1 . (D.13)

To prove the recursion (7.105), we propagate the γ-type scale factor from
edge XB

k to edge XB
k−1 in the factor graph in Figure 7.15 for M = B.

Using the update rules (II.2) and (IV.3), we obtain

←−γXB
k−1

= ←−γX′B
k

−→γUB
k


(2π)nU

detWB
em

T
BWBmB/2 , (D.14)

with the definitions given in (7.106) and (7.107), and where the edge UB
k

is the input noise. Further, we have

←−γX′B
k

= ←−γXB
k


detWB

Z

(2π)nY
e−ỹT

kW
B
Z ỹk/2 . (D.15)

For the quantities without plugged-in observations we get

←−γ ◦
XB

k−1
= ←−γ ◦

XB
k

−→γ ◦
UB

k


(2π)nU

detW◦
B
, (D.16)

with the definition given in (7.108). Equivalent equations apply for
←−γXk |A . Finally, we observe that in the ratio (7.103), −→γ ◦

UB
k

= −→γUB
k
and

−→γ ◦
Uk |A = −→γUk |A cancel as well as all powers of 2π.

For the recursion of ←−γ ′
k in (7.115) we note that the terms −→γ ◦

UB
k

and −→γ ◦
Uk |A

are missing and can therefore not be cancelled with −→γUB
k

and −→γUk |A .

Therefore, we have to expand the term −→γUM
k

in (D.14) as this case as

−→γUB
k
=


detWB

U

(2π)nU
. (D.17)
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In the final ratio of Equation (7.115) all powers of 2π cancel again.

D.4 Proof of LLRs for Pulse Position Estima-
tion

In the following we prove Equations (7.125)–(7.128). For Variant (a),
for which the pulse shape is not known, we start from the LLR in
Equation (7.112). The first term of (7.112) can be written as


νXA

ℓ
(x) dx =


(2π)nX

detWXA
ℓ

e
mT

XA
ℓ

W
XA

ℓ
m

XA
ℓ
/2
, (D.18)

where we have used (6.16), and where nX is the dimensionality of XA
ℓ .

For the second term we note that

←−µXB

ℓ
(x) g(0 ,x, ℓ) dx = ←−γXA

ℓ
(D.19)

= ←−γXB
ℓ


(2π)nS

detW
em

T
Wm , (D.20)

where W and Wm are defined as in (7.127) and (7.128) respectively
and where nS is the dimensionality of SB in Figure 7.10b. The LLRs
of (7.125) follows directly.

For Variant (b), for which the pulse shape is known we write

p(ỹ |Hℓ) =
−→µXA

ℓ
(x̃A)

←−µXB
ℓ
(x̃B) (D.21)

= −→γXA
ℓ
e
−x̃T

A

−→
W

XA
ℓ
x̃A/2+x̃T

A

−→
W

XA
ℓ
x̃A

·←−γXB
ℓ
e
−x̃T

B

−→
W

XB
ℓ
x̃B/2+x̃T

B

−→
W

XB
ℓ
x̃B
,

(D.22)

where we have used (6.13). The likelihood under the noise-only hypothesis
can be written as

p(ỹ |HN ) = −→µXA
ℓ
(0 )←−µXB

ℓ
(0 ) (D.23)

= −→γXA
ℓ

←−γXA
ℓ
. (D.24)

The LLRs of (7.126) follows directly.



Appendix E

On Factor Graphs and
Linear Algebra

The connection between factor graphs and matrix manipulations in linear
algebra dates back to the 1950s (cf. references in [76]). This appendix
does not present something new but instead translates known results into
our factor graph notation. [1, 33, 68,76,83]

E.1 Definitions

In contrast to most texts on linear algebra (and to the rest of this
thesis), we use exclusively zero-based indexing in this appendix, i.e.,
[A]0,0 denotes the first element in the first column in a matrix A.

In order to define factor graph nodes for matrices and vectors, a matrix
A ∈ R

n×m is viewed as a mapping

A : {0, . . . , n− 1} × {0, . . . ,m− 1} → R : (N,M) → [A]N,M . (E.1)

Similarly a column vector x ∈ R
n and a row vector y ∈ R

m are viewed

A
MN

(a) Matrix A ∈ Rn×m

x
N

(b) Column vector x ∈
Rn

y
M

(c) Row vector y ∈ Rm

Figure E.1: Definitions of matrices and vectors as factors.
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A AT

Figure E.2: Matrix transposition in factor graph notation.

as mappings

x : {0, . . . , n− 1} → R : N → [x]N , (E.2)

y : {0, . . . ,m− 1} → R : M → [y]M . (E.3)

Figure E.1 shows the corresponding factor graph nodes.

The edges now represent column or row indices. The range of an index
is implicitly defined by the size of the corresponding matrix (or vector).
We choose the edge-direction such that for each node an incoming edge
denotes a row index and an outgoing edge denotes a column index. With
this definition we are able to represent transposition (·T) by edge direction
reversal as shown in Figure E.2.

Note that the usage of directed edges may not lead to the most compact
notation. Specifically, it may be more convenient to label the ports of
the nodes instead. Here, we stick with directed edges to be consistent
with the rest of the thesis.

In Figure E.3 we list a range of matrix-vector operations which we will use
in proofs in later subsections of this appendix. The factor graphs (a)–(j)
in Figure E.3 are proved straightforwardly by writing the closed-box
function. For the Kronecker product in (k) we can write

[A]N,M [D]K,L = [A⊗D]Nk+K,Mℓ+L . (E.4)

To prove the matrix to vector operations in (l) and (m) we can write

[A]N,M = [cvectA]N+Mn , (E.5)

[A]N,M = [rvectA]M+Nm . (E.6)

Similarly, the vector to matrix operation in (n) and (o) can be shown as

[c]N+Mn = [A]N,M , (E.7)

[r]M+Nm = [A]N,M . (E.8)

Note that in the notation of the graphs (k)–(o) the range of all variables
is implicitly defined by the admissible values of indices in (E.4)–(E.8).
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Specifically, one of the variables connected to the summation node is a
nonnegative multiple of an integer.

BA

AB

(a) Matrix-matrix product

xA

Ax

(b) Matrix-vector prod-
uct

By

yB

(c) Vector-matrix prod-
uct

xzT

zTx

(d) Inner product

zTx

xzT

(e) Outer product

A

trA

(f) Matrix trace

A =

diagA

(g) Diagonal operator for
a matrix

=

y

diag y

(h) Diagonal operator for
a column vector

=

x

diagx

(i) Diagonal operator for
a row vector

=

A

C
=

A⊙C

(j) Hadamard product

+

k−1

A

ℓ

+
D

A⊗D

(k) Kronecker product

Figure E.3: Vector matrix operations in factor graph notation. Defi-
nitions for (a)–(k): x, z ∈ R

n (column vectors); y ∈ R
m

(row vector); A,C ∈ R
n×m; B ∈ R

m×k; D ∈ R
k×ℓ.
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+

=

A
n

cvectA

(l) Matrix to column vector operation

+

m

A
=

rvectA

(m) Matrix to row vector operation

c

+

n =

matcn c

(n) Column vector to matrix operation

r

+

=m

matrm r

(o) Row vector to matrix operation

Figure E.3: (Continued) Vector matrix operations in factor graph nota-
tion. Definitions for (l)–(o): A ∈ R

n×m; c ∈ R
nm (column

vector); r ∈ R
nm (row vector).

E.2 Example: A Standard Expression in Lin-
ear Algebra

Here we prove the following identity

xT(A⊙B)y = tr

diag(x)A diag(y)BT


, (E.9)

where x,y ∈ R
n are column vectors and A,B ∈ R

n×n are matrices.
Figure E.4a shows the left-hand side of (E.9). In Figure E.4b the only
change is the reversal of two edges and the corresponding transposition of
B. Reinterpreting this figure in terms of the building blocks (Figure E.3)
yields the right-hand side of the identity (E.9).

E.3 Vectorization of a Lyapunov equation

We consider the equation

X = AXB+Q , (E.10)
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y

=

A

B
=

xT

A⊙B

xT(A⊙B)y

(a)

y

=

A

BT
=

xT

diagx diag y

tr

diag(x)A diag(y)BT



(b)

Figure E.4: Proof of (E.9).

where A, B, and Q are given and X must be found. Note that this is
a general form of the Lyapunov equation (3.16). This equation can be
solved by vectorization as follows:

cvectX = cvect(AXB) + cvectQ (E.11)

cvectX =

BT ⊗A


cvectX+ cvectQ (E.12)


I−BT ⊗A


cvectX = cvectQ . (E.13)

In the second equality we have used the well-known identity

cvect(AXB) =

BT ⊗A


cvectX . (E.14)

This identity is proved in Figure E.5 using factor graph notation. In
this figure we start with the left-hand side of (E.14) and make successive
modifications that do not change the closed box function. Finally we make
use of various expressions from Figure E.3 to reinterpret the resulting
graph.

The three graphs (a)–(c) are equivalent because we use neutral modifica-
tions as in Section C.1. For the equivalence of the graphs (c) and (d) note
that the edges I, J , I ′, and J ′ (as labelled in the graph (d)) are subjected
to the local constraint I + J = I ′ + J ′ induced by the two addition nodes.
Because I, I ′ are nonnegative multiples of m and J, J ′ < m, the only
way to satisfy this constraint is by enforcing I = I ′ and J = J ′, which
corresponds to the local constraint in the graph (c).
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+
A X B

n

=

AXB

cvect(AXB)

(a)

+

n−1

BT

=

A X

(b)

+

n−1

BT

m =

m

A X

(c)

+

n−1

BT

m

+ +

=

m

A X

I

J

I ′

J ′

BT ⊗A
cvectX

(BT ⊗A) cvectX

(d)

Figure E.5: Proof of (E.14) for A ∈ R
n×m, X ∈ R

m×k, and B ∈ R
k×ℓ.
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